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Characterization and topological rigidity of Nobeling manifolds 

Abstract 

We develop a theory of Nobehng manifolds similar to the theory of Hilbert space 
manifolds. We show that it reflects the theory of Menger manifolds developed by 
M. Bestvina [8] and is its counterpart in the realm of complete spaces. In particular 
we prove the Nobeling manifold characterization conjecture. 

We define the n-dimensional universal Nobeling space to be the subset of 
consisting of all points with at most n rational coordinates. To enable comparison 
with the infinite dimensional case we let z/°° denote the Hilbert space. We define an n- 
dimensional Nobeling manifold to be a Polish space locally homeomorphic to z/". The 
following theorem for n = oois the characterization theorem of H. Toruhczyk [36]. We 
establish it for n < oo, where it was known as the Nobeling manifold characterization 
conjecture. 

Characterization theorem An n-dimensional Polish AN E{n)-space is a Nobeling 
manifold if and only if it is strongly universal in dimension n. 

The following theorem was proved by D. W. Henderson and R. Schori [23] for 
n = oo. We establish it in the finite dimensional case. 

Topological rigidity theorem. Two n-dimensional Nobeling manifolds are home- 
omorphic if and only if they are n-homotopy equivalent. 

We also establish the open embedding theorem, the Z-set unknotting theorem, 
the local Z-set unknotting theorem and the sum theorem for Nobeling manifolds. 
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Charakteryzacja i Topologiczna Sztywnosc Rozmaitosci Nobelinga 

Streszczenie 

Celem niniejszej rozprawy jest rozwini§cie skonczenie wymiarowego odpowied- 
nika klasycznego dzialu topologii nieskonczenie wymiarowej: teorii rozmaitosci mode- 
lowanych na przestrzeni Hilberta. W szczegolnosci dowodzimy skonczenie wymiarowej 
wersji twierdzenia Torunczyka o charakteryzacji. 

Twierdzenie o charakteryzacji. Polska n-wymiarowa ANE{n)-przestrzen jest roz- 
maitoscig, Nobelinga jedynie jesli jest mocno uniwersalna w wymiarze n. 

Dowodzimy tez skonczenie wymiarowej wersji twierdzenia Hendersona klasy- 
fikuj§ego rozmaitosci modelowane na przestrzeni Hilberta. 

Twierdzenie o sztywnosci. Dwie n-wymiarowe rozmaitosci Nobelinga sg, homeo- 
morficzne jedynie jesli sg, n-homotopijnie rownowazne. 

Poza tym dowodzimy twierdzenia o jednakowym polozeniu Z-zbiorow, jego 
lokalnej wersji, twierdzenia o otwartym zanurzeniu i twierdzenia o sumie dla roz- 
maitosci Nobelinga. 
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Introduction and preliminaries 



Chapter 1 
Introduction 



Perhaps this [characterization conjecture for Ndbeling manifolds] 
is one of the most exciting problems of general topology". 

A. N. Dranishnikov 116^ 

The aim of this paper is to develop a theory of Nobehng manifolds similar to the 
theory of Hilbert space manifolds. In particular, the Nobeling manifold characteriza- 
tion conjecture is proven. 

We define the n-dimensional universal Ndbeling space u"" to be the set of all points 
of M^""''^ with at most n rational coordinates. To enable comparison with the infinite 
dimensional case we let 1^°° denote the Hilbert space ]R°°. We define an n- dimensional 
Ndbeling manifold to be a Polish space locally homeomorphic to u^. The following 
theorem for n = 00 is the characterization theorem of H. Toruhczyk [36]. We es- 
tablish it for n < 00, where it was known as the Nobeling manifold characterization 
conjecture [131 [ISl [271 [39] . 

Characterization theorem. An n-dimensional Polish space is a Ndbeling manifold 
if and only if it is an absolute neighborhood extensor in dimension n that is strongly 
universal in dimension n. 

D. W. Henderson and R. Schori proved [23] the following theorem for n = 00. We 
give a proof of the finite dimensional case. 

Topological rigidity theorem. Two n-dimensional Ndbeling manifolds are home- 
omorphic if and only if they are n-homotopy equivalent. 

Topological rigidity and characterization theorems imply a characterization the- 
orem for Nobeling spaces: every n-dimensional strongly universal Polish absolute 
extensor in dimension n is homeomorphic to the n-dimensional Nobeling space. An- 
other consequence of topological rigidity theorem is the open embedding theorem. 
For n = 00 it was proved by Henderson [22]. We prove it in the finite dimensional 
case. 
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Chapter 1: Introduction 



Open embedding theorem. Every n- dimensional Ndheling manifold is homeomor- 
phic to an open subset of the n-dimensional Ndheling space. 

The topological rigidity theorem has the following generalization. Again, it was 
known for n = oo by results of R. D. Anderson and J. D. McCharen [1] and we prove 
it in the finite dimensional case. 

Z-Set unknotting theorem. A homeomorphism between Z-sets in n-dimensional 
Ndheling manifolds extends to an ambient homeomorphism if and only if it extends 
to an n-homotopy equivalence. 

We also prove a local version of the Z-set unknotting theorem, for n < oo. It 
was proved for n = oo independently by W. Barit [S] and by Cz. Bessaga and 
A. Pelczynski [B]. 

Local Z-set unknotting theorem. For every open cover U of a Ndheling manifold 
there exists an open cover V such that every homeomorphism hetween Z-suhsets of the 
manifold that is V-close to the inclusion extends to a homeomorphism of the entire 
manifold that is U-close to the identity. 

By an example of R. B. Sher a space that is an union of two Hilbert cubes that 
meet in a Hilbert cube needs not to be a Hilbert cube [33]. We show that no such 
example exists in the theory of Nobeling spaces. 

Sum theorem. // a space X is an union of two closed n-dimensional Ndheling man- 
ifolds whose intersection is also an n-dimensional Ndheling manifold, then X is an 
n-dimensional Ndheling manifold. 

As we shall see in chapter |H] the proof of the above mentioned theorems can rather 
easily be reduced to a proof of the main theorem, stated below. We say that a space is 
an abstract Ndheling manifold if it is an n-dimensional Polish absolute neighborhood 
extensor in dimension n that is strongly universal in dimension n, i.e. if it satisfies 
the conditions of the characterization theorem. 

Main theorem. A homeomorphism hetween Z-sets in abstract Ndheling manifolds 
extends to an ambient homeomorphism if and only if it extends to an n-homotopy 
equivalence. 

The theory developed in this paper reflects the theory of Menger manifolds devel- 
oped by M. Bestvina [5]. He proved finite dimensional analogues of the characteri- 
zation of the Hilbert cube given by Toruhczyk [35] and of the topological rigidity of 
Hilbert cube manifolds given by J. West [SB] and T. A. Chapman [12]. Proofs given 
in the present paper does not admit direct generalizations neither to the compact 
case nor to the complete, infinite dimensional case. 
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Special cases of the characterization and the Z-set unknotting theorems, for the 
case of Nobehng spaces rather than that of Nobehng manifolds, were established by 
several authors. The one-dimensional cases were proved by K. Kawamura, M. Levin 
and E. D. Tymchatyn [26]. S. Ageev announced a proof of the characterization 
theorem and of a special case of the Z-set unknotting theorem [1] but recently he 
declared it contained a gap [2] . The Z-set unknotting theorem for a certain model of 
a Nobeling space was proved by Levin [2S|- Levin's result and those of this thesis were 
presented at the International Conference and Workshops on Geometric Topology, 3- 
10 July 2005. Very recently. Levin posted a preprint [29] containing a proof of the 
characterization theorem for Nobeling spaces of all dimensions. 

How the paper is organized 

The text is divided into three parts. In the first part we recall the general results 
used. In the second part we reduce the proof of the theorems menitoned above to the 
proofs of two theorems (16.71 and 16.171) that give sufficient conditions for the existence 
of covers of abstract Nobeling manifolds that resemble triangulations of simplicial 
complexes. In the third part these two theorems are proved. 



Chapter 2 
Preliminaries 



To facilitate reading of this paper we recall the general results and notions used 
throughout it. It makes the paper self-contained in a sense that, with few exceptions, 
in the next chapters there are no references to external sources. 

The image and the domain of a function / are denoted by imf and by dom/ 
respectively. We write f{A) for f{A fl dom/) for each map / and each set A, i.e. 
we do not require A to be a subset of the domain of /. The unit interval is denoted 
by [0, 1] and the symbol I is used exclusively to denote a set of indices of a collection 
of sets. If ^ = {Fi}i^j is an indexed collection of sets and J is a non-empty subset of 
the indexing set /, then we let Fj = fljej ^j- following symbols to denote 

standard topological operations: Clx A = C\A denotes the closure of a subset A of 
a space X, Intx A = IntA denotes the interior of a subset A of a space X and dX 
denotes the geometrical boundary of an euclidean manifold X. 

We say that a space is Polish is it is separable and completely metrizable. A map 
is a continuous function between two topological spaces. We say that sets intersect if 
their intersection is non-empty. 

2.1 Covers and interior covers 

We say that a collection JF of sets is indexed, whenever there is a chosen indexing 
set I and an indexing function that assigns to each element z of / an element Fi of JF. 
We shall write = {Fjjjg/ for short. Note that the indexing function is onto, but 
needs not to be one-to-one. Nonetheless, we will distinguish between elements of J-' 
that are equal, but have different indices. Unless otherwise stated, we shall assume 
that every collection of sets is indexed. 

Definition. A cover of a topological space X is a collection of subsets of X whose 
union equals to X. An interior cover of X is a collection of subsets of X whose 
interiors cover X. 
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Symbols JF, Q will usually denote closed covers and symbols U, V will usually de- 
note open covers. 

Definition. Elements of two indexed collections of sets are corresponding if they 
have equal indices. Covers with equal indexing sets are isomorphic if for each set 
of intersecting elements in one cover the corresponding elements in the other cover 
intersect. 

In more formal terms, a cover JF = {-Fjjjg/ is isomorphic to a cover Q = {Gj}jg/ if 
for each non-empty J G I the intersection Fj = fljg j non-empty if and only if 
the intersection Gj = flje j is non-empty. For every z G / elements Fi of JF and Gi 
of Q are corresponding. 

Definition 2.1. Let JF = {Fi}i^i and Q = {Gjjig/ be collections of subsets of a space 
X, indexed by the same indexing set /. 

(a) We say that Q is a swelling of JF, if it is isomorphic to JF and if every element 
of JF is a subset of the corresponding element of Q. 

(b) We say that J-" is a shrinking of Q, if ^ is a swelling of JF. 

(c) For each subset A of X, we let {Fj nAjjg/ be the restriction of to A and denote 
it by JF/A. 

(d) For each subset A of X, we say that JF is equal to Q on A, ii Fi (1 A = Gi (1 A for 
each i in J, i.e. if the restrictions of JF and Q to A are equal. 

(e) We say that JF refines a collection Ti of subsets of X, if every element of JF is a 
subset of an element of Ti. 

(f) For each point x in X, we let stjrx be the union of all elements of JF that contain x. 
We say that stjrx is a star of x in T. 

(g) For each subset A of X, we let stjrA be the union of A with all elements of T 
that intersect A. We say that stjc- A is a star of A in T. 

(h) For each collection of subsets of X, we let stT^jF = {st-^Fjjjg/. We say that 
st-^ JF is a star of T in Ti. 

(i) For each collection 7i of subsets of X and each m > 0, we let st^ JF = st-^ st^~^ JF 
and st^ T = T. We say that st"* T is the mth star of T in Ti. 

(j) For each m > 0, we let st'" JF = stjcst™"-*^ JF and st° T = T. We say that st™ T is 
the mth star of T. 

Note that JF and stT^^^F have the same indexing set, hence it makes sense to talk 
about corresponding elements of T and st?^ T. 

Lemma 2.2. If k and m are nonnegative integers and J-" is a collection of sets, then 
sti St™ = st^'+'" and st^" st"* = st2'="^+"^+^ J^. 
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2.2 Absolute extensors 

Many characterizations of absolute extensors for various classes of topological 
spaces made it into quite a mess in notation. We are going to settle for the following 
definitions. 

Definition. We say that a space X is an absolute extensor in dimension n if it is a 
metric space and if every map into X from a closed subset of an n-dimensional metric 
space extends over the entire space. The class of absolute extensors in dimension n 
is denoted by AE{n) and its elements are called AE{n)-spaces. 

Definition. We say that a metric space X is an absolute neighborhood extensor in 
dimension n if it is a metric space and if every map into X from a closed subset A 
of an n-dimensional metric space extends over an open neighborhood of A. The class 
of absolute neighborhood extensors in dimension n is denoted by ANE{n) and its 
elements are called AN E{n)- spaces. 

The following characterization of the class of absolute neighborhood extensors in 
dimension n is proven in [25], with references to original papers by K. Borsuk and 
J. Dugundji. 

Definition 2.3. We say that a map g is U-close to a map /, or that g is a. U- 
approximation of /, if W is an open cover of the common codomain of / and g and 
the collection {f~^{U) n g~^{U)}ueu covers the common domain of / and g. 

Theorem 2.4. The following conditions are equivalent for every metric space X and 
every integer n < oo: 

(1) X is an AN E{n)- space. 

(2) X is locally k- connected for every k < n. In other words, for each point x in X 
and every neighborhood U of x there exists a smaller neighborhood V of x such 
that every map from the boundary of a {k + 1)- dimensional ball into V extends 
to a map of the entire ball into U . 

(3) for each open cover U of X there is an open cover V of X such that any two 
V-close maps into X , defined on an at most {n — 1)- dimensional Polish space, 
are lA-homotopic. Recall that two maps are W-homotopic if they are homotopic 
by a homotopy whose paths refine U. 

The third condition of theorem 12.41 implies the following proposition, as the space 
of maps (taken with the sup topology) from a /c-dimensional sphere into a separable 
metric space is separable. 

Proposition 2.5. // a space is a separable absolute neighborhood extensor in dimen- 
sion n, then its homotopy groups of dimensions less than n are countable. 
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A characterization of the class of absolute extensors in dimension n was given by 
J. Dugundji [T^ in a form of the following theorem. 

Theorem 2.6. A space is an absolute extensor in dimension n if and only if it is an 
absolute neighborhood extensor in dimension n and its homotopy groups of dimensions 
less than n vanish. 

Theorem 12.71 is a closed sum theorem for absolute neighborhood extensors in 
dimension n. 

Theorem 2.7 ([251 P- 49]). A space is an absolute neighborhood extensor in dimen- 
sion n whenever it can be represented as an union of two closed AN E{n)-subspaces 
that meet in an AN E{n)- sub space. 

We cite the following theorem after [131 Proposition 4.1.7, p. 131], with (*)n-i 
renamed to (*)„. 

Theorem 2.8. Every open coverlA of an ANE{n)-space Y has an open refinement V 
such that the following condition holds: 

(*)„ For any at most n-dimensional metric space B, any closed subspace A of B, and 
any two V-close maps f,g:A-^Y, if f has an extension f : B ^ Y , then g 
has an extension g: B ^ Y that is U-close to f . 

Lemma 2.9. For every open neighborhood U of a closed AE{n)-subset of an at most 
n-dimensional ANE{n)-space there exists an open neighborhood V such that every 
map from a closed subset of an at most n-dimensional metric space into V extends 
over the entire space to a map into U . 

Proof. By theorem 12.41 U is an absolute neighborhood extensor in dimension n. By 
theorem 12.81 there exists an open cover V of [/, for which (*)„ is satisfied with U = 
{U}. Let y4 be a closed subset of U that is an y4£'(?T,)-space. Since U is at most 
n-dimensional, there exists a retraction r : U ^ A. Let 

V = [j r-\w)nw. 

wev 

It is an open neighborhood of A. We shall prove that it satisfies the assertion. 

Let / be a map into V from a closed subset B of an at most n-dimensional metric 
space X. By the definition of V, maps rof and / are V-close. Since A is an absolute 
extensor in dimension n, the map rof extends over X to a map into A. Hence, 
by {*)n, f extends over X to a map into U. We are done. □ 
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2.3 Nerves of covers and barycentric stars 

We define simplicial complexes in the usual way [251 P- 99]. We do not al- 
low infinite-dimensional simplices. Unless otherwise stated, simplicial complexes are 
endowed with the metric topology [25l p. 100]. We do not assume that they are 
countable or locally finite. 

Theorem 2.10 ([25l p. 107]). Every simplicial complex is topologically complete. 
Every countable simplicial complex is separable. 

Definition. Let K he a. simplicial complex. A barycentric star bst v of a vertex v of K 
is the union of all simplices of the first barycentric subdivision of K that contain v. 
We let bst L be the union of barycentric stars of vertices of a subcomplex L of K. 
We treat it as a subcomplex of the barycentric subdivision of K and define the mth 
barycentric star bst"* L of L recursively by the formula bst"* L = bst(bst"*'~^ L). 




Figure 2.1: The first and the second barycentric star of a vertex f of a triangle. 

Definition. The nerve of an point-finite indexed collection JF of sets is a simpli- 
cial complex whose set of vertices is in one-to-one correspondence with non-empty 
elements of JF and whose vertices span a simplex if and only if the corresponding 
elements in JF intersect. 

Lemma 2.11. A collection of barycentric stars of vertices of a simplicial complex 
is its closed locally finite cover. The nerve of a cover of a simplicial complex K by 
barycentric stars of its vertices is isomorphic to K . The cover of the nerve of a 
cover T by barycentric stars of its vertices is isomorphic to T . 

Proof. Let K he a. simplicial complex. Observe that 

(1) a barycentric star of a vertex of K intersects a simplex in K if and only if the 
vertex lies in the simplex, 
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(2) vertices of K span a simplex if and only if their barycentric stars intersect. 

Choose a point in K and let 5 be a simplex that contains it. By (1), the union of 
barycentric stars of vertices contained in is disjoint from 6. By [25| p. 99], every 
subcomplex of a simplicial complex is closed, hence the complement of this union is 
an open neighborhood of 6 (and of the chosen point). By the definition, it meets only 
barycentric stars of vertices contained in 6, hence the cover of K by barycentric stars 
of its vertices is locally finite. 

Let B he a cover of K by barycentric stars of its vertices. By (2), a set of vertices 
of K spans a simplex if and only if their barycentric stars intersect. By the definition, 
the elements of B intersect if and only if the corresponding vertices of the nerve of B 
span a simplex. Hence the second assertion of the lemma. 

By the definition, a set of elements of a collection J-" of sets has non-empty in- 
tersection if and only if the corresponding vertices in the nerve of span a simplex. 
By (2), these vertices span a simplex if and only if their barycentric stars intersect. 
Hence the third assertion of the lemma. □ 

Lemma 2.12. A cover of a simplicial complex by barycentric stars of its vertices has 
the property that every intersection of its elements is either empty or contractible. 

Proof. Let K be a simplicial complex and let i3 be a cover of K by barycentric stars of 
its vertices. By lemma [2.1H the nerve of B is isomorphic to K. Hence if elements of B 
intersect, then the collection {vk} of corresponding vertices of K span a simplex 6 
in K. By the definition, a barycentric star bst Vk is a full subcomplex of the first 
barycentric subdivision of K that contains all barycenters of faces that contain Vk 
(with a zero dimensional face {v^} included). Hence the intersection f]bst is a full 
subcomplex of the first barycentric subdivision of K that contains all barycenters of 
faces that contain 6. Observe that this subcomplex is a cone with apex equal to the 
the barycenter of 6. By ||34l P- 116], it is contractible. We are done. □ 

2.4 Strong universality 

In the present paper, we shall endow all function spaces with the limitation topol- 
ogy, which embraces a concept of closeness introduced in definition 12.31 

Definition. We let C{X, Y) denote the set of all maps from a space X into a space Y. 
For each map f: X ^ Y and for each open cover U of Y, we let B{f,L() denote the 
set of all maps that are W-close to /. The limitation topology on C{X,Y) is defined 
by a basis of neighborhoods {B{f,U)}, where / runs over all elements of C{X,Y) 
and U runs over all open covers of Y. 

It should be emphasized that this topology needs not to be metrizable and the 
neighborhoods B{f,U) defined above need not to be open in it [TT] . 
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Lemma 2.13 (|36j). //X and Y are completely metrizable, then C{X,Y) endowed 
with the limitation topology has the Baire property. Moreover, every closed subset of 
C {X, Y) has the Baire property. 

See [m p. 429] for a detailed discussion. 

Definition. We say that a map f is approximable by embeddings to express that "for 
every open cover U of the codomain of / there exists an embedding, which is W-cfose 
to /" . Likewise for cfosed embeddings, Z-embeddings, etc. 

In other words, a map / from X into Y is approximable by elements of a subset 
of C {X, Y) if it lies in its closure. 

Definition. We say that a Polish space X is strongly universal in dimension n if 
every map from an at most n- dimensional Polish space into X is approximable by 
closed embeddings. 

In other words, a Polish space Y is strongly universal in dimension n, if for each 
at most n-dimensional Polish space X, the set of closed embeddings is a dense subset 

of c(x,r). 

Proposition 2.14 ([121 p. 34]). If X is a Polish space, then the set of closed em- 
beddings of X into a space Y is a Gs-set in C{X,Y) endowed with the limitation 
topology. 

The following two theorems imply that every n-dimensional Nobeling manifold is 
strongly universal in dimension n, which is the "easy" part of the characterization 
theorem. 

Theorem 2.15. The n-dimensional Nobeling space is strongly universal in dimen- 
sion n. 

Following the spirit of the literature, we omit the proof. Hint: by lemma 1.4(b) 
from [36], it suffices to show that every map from a countable simplicial complex 
into z/" is approximable by closed embeddings. 

Theorem 2.16. // a Polish AN E{n)-space X is strongly universal in dimension n, 
then every open subset of X is strongly universal in dimension n. If every point of a 
Polish AN E{n)-space X has a neighborhood that is strongly universal in dimension n, 
then X is strongly universal in dimension n. 

Theorem 12.161 appears to be a folk theorem, well known to the experts, but un- 
pubhshed. 
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Proof. We base the proof on the observation that a map g is a. closed embedding 
whenever there is a closed interior cover Q of the codomain such that for every G & Q 
the restriction g\g--i-(^G) is a closed embedding. 

Consider the following condition for each collection JF of subsets of a space Y . 

for each F ^ T , every map from at most n-dimensional Polish space 
(*jc-y) into F is approximahle by closed embeddings into Y (with a control 
by covers ofY). 

We will show that if {*r,Y) is satisfied for some interior cover T of an ANE{n)- 
space y, then Y is strongly universal in dimension n. 

Let jFbe an interior cover of an AN E{n)-spa.ce Y. Let Q denote a closed interior 
cover of Y whose second star refines T. Let X denote an at most n-dimensional 
Polish space and let / be a map from X into Y . Let B denote the interior, with 
respect to the limitation topology, of the set of maps from X into Y that are ^-close 
to /. It contains / (see [H]). It has the Baire property by lemma [2.131 Fix G & Q 
and let Bq denote a subset of B that contains maps whose restrictions to /~^(stg G) 
are closed embeddings. By proposition 12. 141 it is a G^-set in B. We'll prove that it is 
dense in B. Let g denote an element of B and let lA be an open cover of Y . We will 
show that g has a Z/^-approximation by a map that belongs to Bq- Since B is open, 
we may assume that every map W-close to g belongs to B. Let V denote a cover that 
satisfies condition (*)„ of theorem 12.81 for U. Since g is ^-close to / and the second 
star of Q refines JF, there is F G such that g{f~^{stgG)) C F. By (*jc-y) there is 
a V-approximation of 5'|/-i(stg; g) by a closed embedding into Y and by the definition 
of V it extends over X to a map that is W-close to g. Therefore Bq is dense in B. 

By the Baire property of B the intersection flGee dense in B. Therefore / 

is approximable by maps that are ^-close to / and whose restrictions to f~^{stgG) 
are closed embeddings for every G E Q. Let g denote such a map. Observe that 
g~^{G) C /~^(stgG), since g is ^-close to /. Therefore is a closed embedding on 
g~^{G) for every G & Q. Hence it is a closed embedding of X into Y. Therefore 
we proved that if (*jc- y) is satisfied for an interior cover T of an AiV£'(n)-space F, 
then Y is strongly universal in dimension n. 

To finish the proof it suffices to show that if we assume hypthesis of either of the 
implications of the theorem, then there exists an interior cover JF of X that satisfies 
condition 

Let X be a Polish AN E{n)-sY)a.ce that is strongly universal in dimension n. Let 
U be an open subset of X . For each a; G ?7 let F^ be a closed (in X) neighborhood of 
X such that Fx C U . We will show that the interior cover JF = {Fx}x<^u of U satisfies 
{*T,u)- Pick G JF and let U be an open cover of U. Let V = {X \ F^} U U. It 
is a cover of X . By strong universality of X, every map from at most n-dimensional 
Polish space into F^ is V- approximable by closed embeddings into X. But every V- 
approximation of a map into F^ must have image in U . Hence T satisfies condition 
{*T,u)- By theorem 12. 4[ U is an /lX£'(n)-space. Hence U is stringly universal in 
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dimension n. This finishes the proof of the first imphcation. 

Let X be a Pohsh AA^£'(n)-space such that each point x in X has a neighborhood 
that is strongly universal in dimension n. This neighborhood may be neither open 
nor closed. Let be a closed neighborhood of x and let be an open neighborhood 
of X such that <Z Ux Clx Ux C Nx- We will show that the interior cover 
JF = {Fx}x^x of X satisfies {*r,x)- Pick Fx ^ T and let lA be an open cover of 
X. Let / be a map from at most n-dimensional Polish space into Fx- We have to 
show that / has a Z//- approximation by a closed embedding into X. Without a loss 
of generality we may assume that lA refines {Ux,X \ Fx). Let V = {U fl Xx\v^u- 
Since A^^, is strongly universal in dimension n, / has a V-approximation by a closed 
embedding into Xx- Since V refines \Ux^X \ Fx\ and the image of / is contained 
in Fxi the image of this approximation is contained in Ux- This image is closed in 
QXxUx-, as QXxUx is a subset of Xx-, so it must be closed in X- Hence {^t,x) is 
satisfied and X is strongly universal in dimension n- This finishes the proof of the 
second implication. □ 

The characterization theorem states that every n-dimensional Polish strongly uni- 
versal /lA^£'(n)-space is a Nobeling manifold. It is convenient to have a shorthand 
for the class of spaces that possess these properties. To this end we adapt the notion 
of an A/'n-space from [2H], with the exception that we do not require that an TV^-space 
has vanishing homotopy groups of dimensions less than n. 

Definition 2.17. We say that a space is an Mn-space if it is an ra-dimensional Polish 
ylA^i?(n)-space that is strongly universal in dimension n. By Mn we denote the class 
of A^n-spaces. 

In the language used in the introduction, the class of A''n-spaces is the class of 
abstract n-dimensional Nobeling manifolds. 

Theorem 2.18. Every non-empty open subset of an Mn-space is an Mn-space. If 
every point of a separable space X has a neighborhood that is an Mn-space, then X is 
an Mn-space. 

Proof. Let U he a. non-empty open subset of an A/'n-space X. By strong universality 
of X, one can embed an n-dimensional space into U, hence U itself is n-dimensional. 
By [HI theorem 4.3.23], every open subset of a Polish space is Polish, hence U is 
Polish. By theorem 12. 4[ U is an absolute extensor in dimension n. By theorem 12. 16[ 
U is strongly universal in dimension n. Hence U is an A/'„-space. 

If every point in X has an A''„-neighborhood, then X is clearly n-dimensional. 
Complete metrizability is a local property, hence X is Polish. By theorem 12. 4[ X is 
an ANE{n)-spa.ce- By theorem I2.16[ X is strongly universal in dimension n. Hence 
X is an A/'n-space. □ 

We finish this section with a technical lemma that will be used in chapter |H 
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Lemma 2.19. For each open cover U of a Polish space X there exists a sequence 
Ui,lA2, ■ ■ ■ of open covers of X such that for each sequence fi, /2, • • • of maps from 
X into X such that im/fc_i C dom/fc and such that f^ is Uk-close to the inclusion 
dom/fc C X , the pointwise limit liiiifc^oo fk exists, is continuous and is lA-close to the 
identity. 

Proof. Let a be a map from X into (0, oo). We say that a map g: X ^ X is a-close 
to a map / : X — > X, if d{f{x),g{x)) < a(/(x)) for each x & X. By lemma 2.1.6 
of [13] there is an open cover Vq of X such that if a map g is Va-close to a map /, 
then it is a-close to it. We define a map a^: X ^ (0, oo) by the formula au{x) = 
(1/2) sup{d{x, X \ U): U eU} (the formula is taken from page 35 of [13]). Again by 
lemma 2.1.6 of [13] if g is a^^-close to g, then it is W-close to it. We let 

= V(i/2'=+i)aj^- 

By the triangle inequality for the Hausdorff metric for each U the map x t— > 
d{x,X \ U) is 1-Lipschitz. Hence ay is 1-Lipschitz. Let : X — X, > 0, be a 
sequence of maps such that fk is W^-close to fk-i- A direct computation shows that 
the distance between fk{x) and /o(x) is at most (1 — l/2^)au{fo{x)). Therefore by 
completeness of X the limit f^o = limfc^oo fk exists and the map f^o is a^^-close, hence 
ZY-close, to /o. 

□ 

2.5 n-Homotopy equivalence 

First we introduce a notion of a weak n-homotopy equivalence. Note that by a 
characterization theorem of J. H. C. Whitehead (to be given on page [T71) . the phrase 
"n-homotopy equivalences" in theorems stated in the introduction can be replaced 
by "weak n-homotopy equivalences" . 

Definition. We say that a map is a weak n-homotopy equivalence if it induces iso- 
morphisms on homotopy groups of dimensions less than ra, regardless of the choice of 
the base point. 

Definition. We say that maps f,g: X Y are n-homotopic if for every map ^ from 
a complex of dimension less than n into X, the compositions f o <P and g o <P are 
homotopic in the usual sense. 

Lemma 2.20. // a map is n-homotopic to a weak n-homotopy equivalence, then it is 
a weak n-homotopy equivalence. 

Proof. Let </) : X — F ba a weak n-homotopy equivalence and let iphe & map that is 
n-homotopic to yj. Fix a base point in X and let < /c < n. We have to show that ip 
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induces an isomorphism on /cth homotopy groups of X and Y . Let K be a wedge of 
/c-dimensional spheres and let / : Ji" ^ F be a map that induces an epimorphism on 
/cth homotopy groups of K and Y . By the definition of n-homotopy, o / and "i/^ o / 
are homotopic. Let 7 be a patch of the base-point under this homotopy. Let be 
an isomorphism of 7rfc(X) and vrfc(y) induced by The homomorphism induced 
by on 7rfc(X) and 7rfc(F) is equal to an isomorphism y?,, conjugated with 7 (see [211 
p. 341] for precise definitions). Hence ■?/'* is an isomorphism as well. □ 

Lemma 2.21. Every ANE{n)-space Y admits an open cover U such that every map 
that is lA-close to a weak n-homotopy equivalence of a metric space X and Y is also 
a weak n-homotopy equivalence. 

In particular, the set of weak n-homotopy equivalences of X and Y is an open 
subset of C(X,F). 

Proof. By theorem 12. 4^ there exists an open cover U oiY such that every two W-close 
maps defined on a metric space of dimension less than n are homotopic. In particular, 
every two U-c\ose maps into Y are n-homotopic. By lemma [2.201 the cover lA satisfies 
our claim. □ 

Lemma 2.22. If ip: X ^ Y is a weak n-homotopy equivalence, K is a simplicial 
complex whose dimension is less than n and f is a map from K into Y , then there 
exists a map f':K^X whose composition with ip is homotopic to f. If L is a 
subcomplex of K and if we are given a map from L into X whose composition with (p 
is equal to f\L, then we may require that f extends this map and that the homotopy 
of f and <^ o f is relL. If K is a subcomplex of an at most n-dimensional simplicial 
complex M and f extends to a map g from M into Y , then f extends to a map 
from M into X . In particular, there exists a map from M into X whose composition 
with if is n-homotopic to g. 

Proof. The proof of the first two implications follows exactly the proof of proposi- 
tion 6.4 from page 77 of [7]. To prove the third implication, consider an extension 
g: M —>■ X oi f. Without a loss of generality we may assume that there are no 
simplices of dimension less than n in M\K (by enlarging K if needed) and that M is 
endowed with a weak topology (by theorem 6.4 on page 81 of [7], M endowed with a 
weak topology is homotopy equivalent to M endowed with a metric topology) . Hence 
all we have to do is to show how to extend /' over a single n-dimensional simplex 6 
of M. The map /' is defined on d6. By the assumptions, ip o is homotopic to f\ds 
and f\Qs extends over 5 to a map into X. Hence (p o f^^^ represents a trivial element 
of TTn-iiX)- Since (p is a. weak n-homotopy equivalence, /'^^ must represent a trivial 
element of 7r„_i(X). Hence f^g^ extends over 5 to a map into X. Hence /' admits 
an extension to a map g' from M into X. It follows from the cellular approximation 
theorem f2T[ Corollary 4.12], that p> o g' is n-homotopic to g. □ 
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Definition. We say that a map ip: X Y is an n-homotopy equivalence if there 
exists a map ip: Y ^ X such that ip o ip is n-homotopic to idx and if o ip is n- 
homotopic to idy- We say that X is n-homotopy equivalent to Y if there exists an 
ra-homotopy equivalence of X and Y. 

Whitehead's characterization. A map of two n- dimensional AN E{n)- spaces is a 
weak n-homotopy equivalence if and only if it is an n-homotopy equivalence. 

The theorem was stated by Whitehead [10] with shghtly stronger assumptions, 
although his proof works in this CcLSG clS well. For completeness, we give a proof based 
on the argument from [7]. A proof of an even more general case appeared in [T3]. 

Proof. The proof is a modification of the proof of theorem 6.1 from page 78 of |7]. 
Let if he a. map from an at most ra-dimensional ANE{n)-space X into an at most 
n-dimensional ANE{n)-space Y. We shall write / ~ (7 to denote that / and g are 
n-homotopic. 

Assume that if is an n-homotopy equivalence. By the definition, there exists a 
map ip: Y ^ X such that ip o ip ^ idx and (/? o ■0 ~ idy- The identity on X is a 
weak n-homotopy equivalence, hence by lemma 12.201 ip o if is a, weak n-homotopy 
equivalence. Hence for each k < n, ip o f induces an isomorphism on 7rk{X), so f 
induces a monomorphism of 7ik{X) and 7ik{Y). Again by lemma [2. 201 fotp induces an 
isomorphism on 7rk{Y), hence f induces an epimorphism of '/rfc(X) and iVkiY). Hence 
(f is a. weak n-homotopy equivalence. 

Assume that f is a weak n-homotopy equivalence. By theorem 4.1 on page 156 
in [25] and by theorem 12. 4[ every n-dimensional ANE{n)-space is n-homotopy domi- 
nated by an at most n-dimensional complex. Hence we get diagrams 

and L Y L where K, L are at most n-dimensional complexes, gK° fx ~ idx 
and gL° fi ~ idy. By lemma [2.221 there is a map (7^ : L ^ X such that ip o g'^ gj^. 
Let ip = g'l o fi- We'll show that ip and ip are n-homotopy inverses of each other. 
Observe that p o ip = (pog'^ofi^^fj^ogj^^ idy. By lemma I2.20[ ip is a weak 
n-homotopy equivalence. Hence by lemma I2.22[ there is a map g'j^: K ^ Y such 
that ip o g'j^ ^ gK. Therefore p^ ^ ip o gx o f^ ^ ip o ip o g'^^ o fj^ ^ g'j^ o fj^. So 
ip o p) ^ ip o g'j^ o fj^ ^ gK ° fx ~ idx and p) is an n-homotopy equivalence. □ 

Theorem 2.23. If X is an at most n-dimensional ANE{n)-space and A is a closed 
ANE{n)-subset of X such that the inclusion A G X is a weak n-homotopy equiva- 
lence, then A is a retract of X . Moreover, every retraction of X onto A is a weak 
n-homotopy equivalence. 

Proof. By Whitehead's characterization, the inclusion t: A G X is an n-homotopy 
equivalence. By the definition of an n-homotopy equivalence, there exists a map 



I'm grateful to A. Chigogidze for showing me this simple proof. 
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ip: X A whose restriction to A is n-homotopic to the identity on A. By proposi- 
tion 4.1.8 from [13], the identity on A extends over X to a retraction. 

Let r be any retraction of X onto A. The composition r o ^ is equal to t, which 
is a weak n-homotopy equivalence by the assumptions. Hence r must be a weak 
n-homotopy equivalence as well. □ 

Lemma 2.24. If Ai, A2 and Ai fl A2 are at most n-dimensional closed ANE{n)- 
subspaces of A1UA2 and the inclusion Air\A2 G A2 is a weak n-homotopy equivalence, 
then the inclusion Ai G AiU A2 is a weak n-homotopy equivalence. 

Proof. By theorem 12.231 there exists a retraction of A2 onto Aid A2. It extends to a 
retraction r:AiUA2^Ai, since both Ai and A2 are closed in Ai U A2. Therefore 
the inclusion Ai G AiU A2 induces monomorphisms on all homotopy groups. 

By theorem 12.41 there exists an open cover U of Ai U A2 such that every two 
W-close maps from an at most (n — l)-dimensional Polish space are homotopic. Let V 
be an open cover of Ai U A2 that satisfies condition (*)„ of theorem 12.81 Like we 
argued in the proof of lemma 12. 9^ the restriction of r to a small closed neigbhorhood 
of Ai in Ai U A2 is V-close to the identity. By the choice of V, this restriction admits 
an extension to a map s from Ai U A2 into Ai U A2 that is W-close to the identity. 

Fix k < n and consider a map ip: — U A2. Let ip = s o ip. By the 
choice of U, ip is homotopic to (p. By the construction of s, there exist open subsets 
U,V G S'' such that U G ^J'^Ai), V G ^/^-^Aa) and U U V = 5^ Hence we 
may fix subcomplexes C and D of S*^ such that C U D = S'^ and ip{C) G Ai and 
i(j{D) G A2. By Whitehead's characterization, the inclusion A\^ A2 G A2 is an 
77,-homotopy equivalence. By lemma [2.22[ the map V'id is homotopic relCfl D with a 
map into A^^ A2. Obviously this homotopy extends to a homotopy relC. Therefore 
the inclusion A^G Ax\^ A2 induces epimorphisms on homotopy groups of dimensions 
less than n. We are done. □ 



Corollary 2.25. If A\, A2 and A\ fl A2 are at most n-dimensional closed ANE{n)- 
subspaces of a space X and inclusions Ai G X and Air\A2 G A2 are weak n-homotopy 
equivalences, then the inclusion AiU A2 G X is a weak n-homotopy equivalence. 

Proof. By lemma [2.241 the inclusion Ai G AiU A2 is a. weak ra-homotopy equivalence. 
So, by Whitehead's characterization, there exists a weak n-homotopy equivalence 
Ai U A2 ^ Ai. We are done, by the assumption that Ai G X is a weak n-homotopy 
equivalence. □ 

Lemma 2.26. If X is a separable AN E{n)-space and f is a map of an at most n- 
dimensional locally finite countable simplicial complex K into X, then there exists an 
at most n-dimensional locally finite countable simplicial complex L, containing K as 
a subcomplex, and an extension of f to a weak n-homotopy equivalence of L and X . 
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Proof. This is a standard argument that follows the argument given in [20]. The 
only difference is that we want L to be a locally finite countable simplicial complex. 
Let Kq = K and let /o = /. For m = 1, 2, . . . , n we shall construct a locally finite 
countable simplicial complex Km that contains Km-i as a subcomplex and a map 
fm '■ Km — ^ X that is an extension of fm-i to a weak m-homotopy equivalence (note 
that we allow the dimension of Km to be greater than n). 

Fix < m < n and assume that we already constructed fm'- Km —>■ X. By the 
separability of X, the space of maps from into X is separable. By theorem 12. 4^ the 
m-dimensional homotopy group TTm{X) is countable. Hence we may enlarge Km to a 
locally finite countable simplicial complex K'^ and extend fm to a map fm '■ K'^ X 
that is a weak m-homotopy equivalence and induces an epimorphism 7im{fm) mth 
homotopy groups. Let {ipk'- S"^ — > K!^}k>i be a set of representants of the kernel 
of T^mifm)- -^y simplicial approximation theorem pTl Theorem 2C.1], we may 
assume that ipkS are simphcial. Let K!^ = K'^ x [l,oo), let p: K'^ K'^ be a 
projection along [1, oo) and let i^ : K'^ — > K'^ x {k} be a map such that p oi^ \s the 
identity for each k>l. We identify K'^ x {1} with K'^ so that Km is a subcomplex 
of K'^. Observe that = o p is an extension of fm over A'^ that is a weak m- 
homotopy equivalence that induces an epimorphism on mth homotopy groups. The 
set {«fcO(y9fc}fc>i is a set of representants of the kernel of T^m{fJn)- Let <Pk'- B"^~^^ K'^ 
be a partial map defined on the boundary S""^ of 5^"+^ to be equal to ipk- Let Km+i 
be a mapping cylinder of an disjoint union of ^^'s. It is a locally finite countable 
simplicial complex. Since each ip^ represents an element of the kernel of iTmifm), map 

extends to a map fm+i '■ Km+i — ^ X. This map is a weak (m + l)-homotopy 
equivalence [20] . 

By the cellular approximation theorem [211 Corollary 4.12], the restriction of 
to the ra-dimensional skeleton of Kn is a weak n-homotopy equivalence. It is a map 
that we were looking for. □ 

Now we are ready to prove that every n-dimensional absolute neighborhood exten- 
sor in dimension n is n-homotopy equivalent to an open subset of u^. This theorem 
together with characterization and rigidity theorems implies the open embedding 
theorem for Nobeling manifolds. 

Proposition 2.27. For every open subset U of^"^^^ the inclusion ofUnu^ into U 
is a weak n-homotopy equivalence. 

Proof. The following statement can be proved by the standard "general position" 
argument. 

Every map from an at most n-dimensional finite simplicial complex 
into M^""*"-^ is approximahle by maps into M^""*"^ \ H , where H is an 
(*) arbitrary n-dimensional hyperplane. Moreover, if the map restricted 
to a subcomplex L has its image disjoint from H, then such approxi- 
mations exist relL. 
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Let be a finite simplicial complex, let L be a subcomplex of K and let ^ be a 
map from L into z/". Let be a set of maps from K into M^"+^ that are equal to 
il) on L. It is a closed subset of C(X, F). By (*), a subset of consisting of maps 
into the complement of an ra-dimensional hyperplane that is disjoint from the image 
of '0 is dense in C^. By lemma [2. 131 has the Baire property, hence the set of maps 
from K into z/" that are equal to on L is dense in C^. 

Let be a map from a /c-dimensional sphere into f/, for k < n. By letting 
K = and L = we see that ip can be approximated by a map into f/ fl z/" and 
by theorem 12.41 if the approximation is close enough, then it is homotopic to (p in U. 
Therefore the inclusion induces epimorphisms on kth homotopy groups, for k < n. 

Let (f he a map from a fc-dimensional sphere into t/ fl z/" and assume that (f 
extends over a. {k + l)-dimensional ball to a map (P into U. By letting K = B^^^ and 
L = S^, we see that ^ can be approximated rel5''^ by a map into fl z/". Therefore 
the inclusion induces monomorphisms on /cth homotopy groups, for k < n. We are 
done. □ 

Corollary 2.28. The n- dimensional Ndbeling space is an absolute extensor in di- 
mension n. 

Proof. Every point of z^" has arbitrarily small neighborhoods homeomorphic to z/*^. By 
proposition [2]271 the Nobeling space has vanishing homotopy groups of dimensions 
less than n. Therefore theorems 12.61 and 12.41 imply the assertion. □ 

Proposition 2.29. For every separable ANE{n)-space X there exists an open subset 
U of u"" and a weak n-homotopy equivalence U ^ X. 

Proof. By lemma 12.261 for every separable AN E{n)-sp<i^ce X there exists an n- 
dimensional countable locally finite simplicial complex K and a weak n-homotopy 
equivalence K X. Realize K in in such a way that every ball around origin 

of the space intersects only finitely many vertices of K. With such realization it is 
clear that K has an open neighborhood U (in M^"+^) that is homotopy equivalent to 
K. By proposition 12.271 the set t/ fl i^" is weak n-homotopy equivalent to U . The 
proof is finished, since U is homotopy equivalent to K and K is weak n-homotopy 
equivalent to X. □ 



2.6 Z-sets 

The definition of a Z-set was given by Anderson to describe a general concept 
of a negligible set [3]. There are many flavors of the definition to be found in the 
literature and most of them are equivalent in the class of Nobeling manifolds p. 
191]. We are going to settle for the following one, proposed by Toruhczyk. 

Definition. We say that a subset A of a space X is a Z-set in X if it is closed in X 
and if the identity on X is approximable by maps into X \A. A countable union of 
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Z-sets is said to be a Z„-set. A map is said to be a Z-embedding if it is an embedding 
and its image is a Z-set in the codomain. 

Theorem 2.30 ([13], Proposition 5.1.2]). A closed subset A of an Mn-space X is 
a Z-set if and only if every map from /" into X is approximable by maps into the 
complement of A. 

Proposition 2.31 ([13], Corollary 5.1.6]). Every compact subset of an Nn- space is a 
Z-set. 

Proposition 2.32. If a closed subset of an Mn-space X is a countable union of Z-sets 
in X , then it is a Z-set in X . 

Proof. Let A = [J^yi ^ closed countable union of Z-sets in an A^i-space X. 

Let Gn = {f e C{I\X): im/ n A„ = 0}. By theorem [2301 is a dense subset of 
C(/"', X). By the assumption that An is closed, Gn is an open subset of C(/", X). By 
lemma [2rT3l the intersection HnM Gn is a dense subset of C(/", X). By theorem |2.30[ 
A is a Z-set in X. □ 

Proposition 2.33. Let A be a closed subset of an Mn-space X . If A is a Z-set, 
then for each open subset U of X, An U is a Z-set in U . If each point of A has a 
neighborhood U in X such that Ar\U is a Z-set in U, then A is a Z-set in X . 

Proof. Let A be a Z-set in X. Every open subset U of X is a countable union |Jn>i 
of closed subsets of X. Directly from the definition, the intersection F„ fl A is a Z-set 
in X. Hence the set C(/",X \ (F„ n A)) is a dense subset of C(J",X). The set 
C(/", U) is an open subset of C(/", X). Hence C(/", f/ \ (F„ n A)) is a dense subset 
of C{r\ U). By theorem EJQl F„ is a Z-set in U. By proposition ESS] A = U^>^ F„ 
is a Z-set in U. 

Let y4 be a closed subset of X such that each point x of A has a neighborhood 
such that A n Ur^ is a Z-set in f/^,. Every open subset U oi X admits an open 
cover U such that if a map U ^ U is W-close to the identity on U, then it admits a 
countinuous extension by the identity on X\U (we will elaborate on this in the proof 
of lemma [2.38p . Hence it follows from the definition that if a closed subset of X is a 
Z-set in an open subset U of X, then it is a Z-set in X. Since X is separable metric, 
there exists a countable cover U of X that is a subset of {t/x}xGX- Let jFbe a closed 
shrinking of U. By proposition I2.32[ A = [Jp^j^A fl F is a Z-set in X. □ 

Remark 2.34. Propositions 12.31] and [2733] imply that every closed locally compact 
subset of an A/'„-space is a Z-set. 

Theorem 2.35 ([131 Proposition 5.1.7]). If X is an Mn-space, then every map f 
from at most n-dimensional Polish space into X is approximable by Z-embeddings. 
Moreover, if f restricted to a closed subset A of its domain is a closed Z-embedding, 
then such approximations exist lelA. 
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We'll need the following corollaries of theorem 12. 35[ 

Corollary 2.36. Let h denote a homeomorphism of a Z-subset of an Mn-space X 
and a Z-subset of an Mn-space Y . If h extends to an n-homotopy equivalence of X 
and Y, then extends to an n-homotopy equivalence of Y and X. Moreover, we 
may require the extension of to be a closed embedding. 

Proof. By theorem 12.351 the n-homotopy equivalence of X and Y can be approxi- 
mated rel Zi by a closed embedding hi: X ^ Y . By theorem 12.41 a sufficiently close 
approximation of an n-homotopy equivalence is an n-homotopy equivalence, therefore 
we may assume that hi is an n-homotopy equivalence. By theorem 12.231 there exists a 
retraction ri : F ^ hi{X). The map h^^ ori is an extension of h~^ to an n-homotopy 
equivalence of Y and X. □ 

Corollary 2.37. If D is a Zrj-set in an Mn-space Y , then every map f from an 
n-dimensional Polish space into Y is approximable by closed embeddings with images 
disjoint from D. If f restricted to a closed subset A of its domain is a Z-embedding 
with image disjoint from D, then such approximations exist rel A. 

Proof. Let C(X, y) denote the space of maps from X into Y endowed with the 
limitation topology. It is easy to verify that the set G of Z-embeddings is a Gs in 
C(X, Y). Let D = [J Zn and assume that every Zn is a Z-set in Y. Let Gn = {/ G 
G : f{X) n Zn = 0}. Let F denote the set of maps equal to / on A. By theorem 12.351 
the set F fl Gn is dense in F. Therefore by Toruhczyk's lemma, the set F fl Gn is 
dense in F and we are done. □ 

Lemma 2.38. Every open subset U of a metric space Y admits an open cover U 
such that if V is an open neighborhood of Y \ U , f is a map from a metric space 
into Y whose restriction to f~^{V) is a (closed) embedding into V and a map g is 
a U- approximation of the restriction of f to f~^{U) by a (closed) embedding into U , 
then f\f-i(Y\u) ^ g is a (closed) embedding into Y . 

Proof. Let A be the complement of U in Y. Let U he a. cover (we allow it to be 
uncountable) of f/ by a collection of balls such that each ball from U has a radius 
equal to one-fifth of the distance from its center to A. Let V be an open neighborhood 
of A and let / be a map from a metric space X into Y whose restriction to f~^{V) 
is an embedding into V. Let g: f~^{U) —>■ U he a. W-approximation of the restriction 
of / to f~^{U) by an embedding into U . We shall prove that h = U (7 is an 

embedding of X into Y. 

The image of f\f-i(A) is a subset of A, the image of g lies in the complement of 
A and both of these maps are one-to-one, hence h is one-to-one. Let Xq,Xi, ... be a 
sequence in X. If h{xo) G U, then Xn — >■ xq iff g{xn) — > ^'(a^o) (by which we understand 
that g{xn) is defined for almost all n and converges to g{xo)) iff h{xn) — > h{xo) 
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(because U is open). If /i(xo) G A, then 

2 3 

(*) ^d{f{xn), /(xo)) < d{h{xn), h{xo)) < -d{f{xn), f{xo)), 

by the choice of U. Hence if h{xo) G A, then Xn — >■ a^o iff /(^^n) fi^o) (because / 
is an embedding on f~^(y)) iff h{xn) — > h{xo) (by (*)). Hence 

hm Xn = Xq 4^ hm /i(x„) = h{xo), 

n— >oo n— >oo 

SO is a homeomorphism. 

Assume that the restriction of / to f^^iV) is a closed embedding into V and that 
g is a closed embedding into U. To show that /i is a closed embedding it suffices to 
show that h{X) is closed in Y. If y G A, then h{xn) ^ y iS f{xn) —* y, by (*). Hence 
A n C\x h{X) =AnC\x fix) = An f{X) = An h{X). UyeU, then h{xn) ^ y iff 
g{xn) y. Hence U n Clx h{X) = UnC\x g{X) = U n g{X) = Un h{X). Therefore 
h{X) is equal to its closure. We are done. □ 

Proposition 2.39. Assume that V is an open subset of an Mn-space Y and f is a map 

from an at most n-dimensional Polish space X into Y . If f is a closed embedding into 
V on f~^{y) and A is a closed (inY) subset ofV, then f is approximable ie\f~^{A) 
by closed embeddings. Moreover, if Z is a subset of X and f\z is a Z-embedding, then 
such approximations exist rel/~^(y4) U Z. Even more, if Zy is a Z^j-set in Y and Zy 
is disjoint from f{Z), then we may additionally require that the approximations have 
images disjoint from Zy . 

Proof. Let V be an open cover of Y. Let U = Y \ A and let U be an open cover 
of U obtained via lemma 12.381 applied to U and Y. Without a loss of generality, we 
may assume that L( refines V. By proposition 12. 33^ the restriction of / to Z fl f~^{U) 
is a Z-embedding into U. By theorem 12.161 U is strongly universal in dimension n, 
hence by corollary 12.371 applied with D = Zy fl U, there exists a Z//-approximation g 
of f\f-'i-(u) relZ n f~^{U) by a closed embedding into U . By lemma [2.381 and by the 
choice of W, the map g U f\f-^(u) is a closed embedding into Y and is V-close to /. □ 

Definition. A closed Mn-neighborhood of a set A is a closed set that is an AT^-space 
and contains A in its interior. 

Remark 2.40. Proposition 12.391 and theorem 12. 161 imply that every closed subset of 
an AT^-space has arbitrarily small closed ACi-neighborhoods. 
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The aim of this section is to prove theorem 13.61 about approximation within closed 
A/'„-covers. Its proof rehes on proposition l2.31l which states that every compact subset 
of an A/'n-space is a Z-set. This property and the theorem fail in the case of Hilbert 
cube manifolds [33]. Corollary 13.81 is a sum theorem for abstract Nobeling manifolds. 

Recall that Mn is the class of abstract ra- dimensional Nobeling manifolds (defini- 
tion [2]T7j). We define A/'n-covers in the following way. 

Definition. Let C be a class of topological spaces. We say that a collection is a C- 
collection if the intersection of each non-empty collection of its elements either belongs 
to C or is empty. If the collection covers the underlying space, then we say that it is 
a C-cover. 

3.1 Z{T)-sets 

In order to effectively work with closed ACi-covers we need the following basic 
generalization of the concept of a Z-set. 

Definition. Let JF be a collection of subsets of a space X and let A be a subset 
of X. We say that A is a Z{J^)-set in X if it is a Z-set in X and if for each subset 
£ oi the intersection A fl f]6^ is a Z-set in We say that A is a Z{J-)-set if 

it is a Z(jF)-set in [JjF. We say that a map is a Z (J-) -embedding into X if it is an 
embedding and its image is a Z(jF)-set in X. We say that it is a Z {J-") -embedding if 
it is a Z(jF)-embedding into IJjF. 

Remark 3.1. By proposition 12. 33^ if W is a collection of open subsets of a space X, 
then every Z-set in X is a Z(W)-set in X. 

The following propositions are direct corollaries of propositions l2.31]l2.32l and l2.33[ 

Proposition 3.2. If A is a compact subset of a space X and J-" is a closed Mn-cover 
of X, then A is a Z{J^)-set. 



27 



28 



Chapter 3: Approximation within an Mn-cover 



Proposition 3.3. // a closed subset of a space X is a countable union of Z{J^)-sets 
in X, then it is a Z{J-')-set in X . 

Recall that by definition 12.11 J^/U = {Fi fl t/}jg/ for each collection JF = {Fi}i^i 
and each set U. 

Proposition 3.4. Let A be a closed subset of a space X and let J-" be a closed cover 
of X . If A is a Z{J^)-set, then for each open subset U of X , A{~\U is a Z[T jU^-set. 
If each point of A has a neighborhood U in X such that AClU is a Z{J^/U)-set, then 
A is a Z{J-')-set. 

Remark 3.5. Propositions 13.21 and 13.41 imply that if jFis a closed A/'n-cover of a space 
X, then every closed locally compact subset of X is a Z(jF)-set. 

3.2 Approximation within a cover 

Definition. Assume that U and are covers of a space Y and that U is open. We say 
that a map g: X ^ Y is a. U- approximation within of a map / : X — y if it is Z//- 
close to / and gf~^{F) C F for each F ^ T. We say that / is approximable within T 
by embeddings (closed embeddings, Z-embeddings, etc.) if for each open cover lA 
it admits a W-approximation within T that is an embedding (closed embedding, Z- 
embedding, etc.). 

Note the asymmetry: the assumption that (7 is a W-approximation of / within T 
doesn't imply that / is a W-approximation of g within T. 

Theorem 3.6. Let Q be a closed countable star-finite locally finite JVn- collection in a 
space Y . If Q covers Y , then every map f from an n-dimensional Polish space into Y 
is approximable within Q by Z{Q)- embeddings. Moreover, if f restricted to a closed 
subset A of its domain is a Z{Q)- embedding, then the approximating Z[Q)- embeddings 
can be taken to coincide with f on A. 

Proof. Let Q = {Gijig/ and let Gj = Ojej^j each J C /. On this occasion, 
we allow J to be the empty set and let Gq = Y. If Gj is non-empty, then the 
space C{I"',Gj) of maps from /" into Gj is separable (cf. proposition 12.51) . By the 
assumption that f{A) is a Z(^)-set, the intersection of f{A) with Gj is a Z-set in 
Gj, hence we can pick a countable dense subset of G{r"',Gj) whose elements have 
images disjoint from f{A). Let D denote the union of images of maps belonging to 
these countable dense subsets, over all J C /. By theorem 12.301 

(1) every closed embedding with image disjoint from D is a Z(^)-embedding. 

Since Q is countable and locally finite, Gj is non-empty only for countably many 
J's, hence D is sigma-compact. By the assumptions, Gj is an A^n-space, hence by 
proposition 12. 3H the intersection of D with Gj is a Z^-set in Gj. By (1) and by 
corollary I2.37[ 
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(2) for every J G I every map from n- dimensional Polish space into Gj is approx- 
imable by closed embeddings with images disjoint from D fl Gj. Moreover, if 
the map restricted to a closed subset A of its domain is a closed embedding 
with image disjoint from D fl Gj, then such approximations exist relA. 

Let U be an open cover of Y. We will show that the given map / can be U- 
approximated within ^ by a Z(^)-embedding. Let X = { J C /: J 7^ 0, Gj 7^ 0}. 
Order I into a sequence { JfcjfcGN non increasing in the order by inclusion, i.e. such that 
if Ji 2 Jk, then / < k. Such ordering exists because Q is star-finite. By theorem 12. 8[ 
there is a sequence of pairs of covers {VkMk) such that for each k 

(3) Vfc and lAk are open covers of Gj^ that satisfy condition (*)„ of theorem 12.81 

(4) stWfc -<U and for every / if J; ^ Jfc, then stW; -< V^. 

The construction of a sequence (W^, Vk) starts with A;'s that correspond to sets Jk 
of cardinality one and continues backwards by a recursive application of theorem 12.81 

Let / denote the given map from an n-dimensional Polish space X into Y . Let 
Fi = f~^{Gi) for every i E I. We let = f\A and recursively define a sequence of 
maps gk in such a way that gk extends gk^i over Fj^, and 

(5) gk{Fj^) C Gj^ and gk is stW^-close to / on Fj^, 

(6) gk is a closed embedding with image disjoint from D. 

In kth. step of the construction we extend gk-i over Fj^,. By (5) and by the order of 
Jfc's, gk-i{Fjf,) C Gjf,. By the construction, the intersection of Fj^. with the domain 
of gk-i is equal to A U |Jz<fc JiZiJk ^-^i' choice of go, gk-i is equal to / on the 

set A. By (5), gk-i is stW/-close to / on Fj^ for each / < k such that J/ D Jk- By (4), 
stUi refines Vk, hence gk-i is V^-close to / on the intersection of Fj^ with the domain 
of gk~i- By (3), the restriction of gk^i to Fj^, extends over Fj^ to a map from Fj^ 
into Gjf, that is W^-close to /. Let gk-i be an union of any such extension with the 
restriction of gk-i to B = g'f^\{Gj^,). By (6), the restriction oiTjk-i to B has image 
disjoint from D. By (2), Tjk-i-, defined on S U Fj^., is approximable reli? by a closed 
embedding into Gj^, that is stW^-close to / and has image disjoint from D. We let 
gk to be equal to this embedding on Fj^ and equal to gk-i on dom^f^.i \ Fj^. The 
definition of B guarantees that gk is a closed embedding. Conditions (5) and (6) are 
satisfied directly from the construction. 

Let g = IJfcGN^'fc- is ^ closed embedding because Q is locally finite. By (6), it 
has image disjoint from D. Hence, by (1), it is a Z'(^)-embedding. By (4) it is W-close 
to / and by (5) it is an approximation of / within Q. Since g\A is equal to /, we are 
done. □ 



We can draw two important corollaries from theorem 13.61 
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Corollary 3.7. If T is a closed countable star-finite locally finite Mn-cover of a 
space X and Z is a Z{J-')-set, then every map of an n-dimensional Polish space 
into X is approximahle within T by closed embeddings with images disjoint from Z. 

Proof. Let / be the given map. We can assume that the domain of / is separated 
from Z, so / U idz is a well-defined map. By theorem 13.61 it is approximable within 
JF and rel Z by a closed embedding. The restriction of such approximation to the 
domain of / is an embedding that we were looking for. □ 

The second corollary follows from theorem 12.71 and theorem 13.61 applied to the 
cover g = {X, F} of X U Y. 

Corollary 3.8. If X , Y and X CiY are Mn-spaces and X r\Y is closed both in X 
and in Y , then X UY is an Mn-space. 

3.3 collect ioni 

We prove that under stronger assumptions we can require in the statement of 
theorem 13.61 not only that the constructed map g approximates the given map / 
within Q, but also that / approximates g within Q. The stronger assumption is 
that ^ is a Z-coUection in Y. 

Definition. We say that a collection JF of closed subsets of a topological space X is 
a Z-collection if every element of JF is a Z-set in X and if for every A B G the 
set f]B is a. Z-set in f] A. 

Observe that a locally finite Z-collection cannot, by the definition, cover the un- 
derlying space. Hence, we need the following, modified statement. 

Theorem 3.9. // the assumption that Q covers Y in theorem \3.6[ is replaced by the 
assumption that Y is an Mn-space and if we assume that Q is a Z-collection, then the 
approximating map g can be taken so that g~^{Gi) = f~^{Gi) for each i E I . 

Proof. The proof is an easy modification of the proof of theorem 13.61 The necessary 
changes are to change condition (5) to 

(5') f^^{Gji^) = g^^{Gj^) for each / < k and g^ is stW^-close to / on Fj^, 

and to change the sentence marked by (*) on the margin to 

By (2), 'cjk-ii defined on i? U Fj^, is approximable reli? by a closed em- 
bedding into Gj^ that is stW^-close to /, has image disjoint from D and 
maps Fj, \ B into Gj, \ Uz<fc Gj^. 



we shall not use the theorem proved in ths section until the third part of the paper. 
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By the assumption ^ is a Z-collection, hence the intersection of IJi<fc ^Ji with 
Gjj. is a Z-set in Gj^,. Hence, by corollary 12.371 such approximation exists. The 
assumption that the approximation maps Fj^, \ B into Gj^ \ IJz<fc ^Ji guarantees that 
f-\Gj,) = g]^\Gj,) for each l<k. □ 

We will show how to construct Z-collections in A/'„-spaces in section 19.11 in chap- 
ter El 
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4.1 Adjustment of a collection 

By theorem I2.18[ every open subset of an A/'„-space is an A^-space. Obviously 
the property of being an A/'n-space is not inherited by closed subsets of ATn-spaces. 
However by the strong universality of A/'n-spaces, the inclusion of an arbitrary open 
subset of an A/'n-space is approximable by closed embeddings and images thereof are 
closed A^-subsets of the space. 

Let U be an open and A a closed neighborhood of a point x in an A/'n-space X such 
that A G U. By proposition I2.39[ the inclusion of U into X can be approximated 
relyl by a closed embedding. The image of such an approximation (an adjustment 
of U) is a closed A/n-neighborhood of x. In the sequel, we shall apply this technique 
to collections of sets, in a way described by the following definition. 

Definition. Let = and Q = {Gijie/ be arbitrary collections of subsets of 

a space X and let U be an open cover of X. 

(a) We say that ^ is a U- adjustment of JF if for each J G I there is a homeomorphism 
of Fj = fljgj onto Gj = flje J ^^^^ W-close to the inclusion Fj G X. 

(b) If each of these homeomorphisms can be taken to be the identity on a closed 
set A, then we say that Q is an adjustment of lelA. 

(c) If additionally Gi = Fi for every i in a given set J G I, then we say that Q is 
an adjustment of T with fixed J. 

A convenient property of the notion of an adjustment is that for an arbitrary 
class C of topological spaces every adjustment of a C-coUection is a C-coUection. 

Lemma 4.1. For each open subset U of a metric space X there exists an open coverU 
of U such that if A is a (closed) subset of X, then every U- approximation of the 
inclusion A fit/ gU by a (closed) embedding of AnU into U extends over A, by the 
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identity on A\U , to a (closed) embedding of A into X. Hence every (closed in U) 
U- adjustment of a restriction T/U of a (closed) collection T of subsets of X extends 
in a natural way to a (closed) adjustment tbIX \ U of the entire collection. 

Proof. The first statement follows from lemma [2.381 applied to the inclusion A d X. 
Let = be a (closed) collection of subsets of X and let Q = {Gi}i^i be a 

(closed in U) W-approximation of jF/f/ = {Fj fl t/}jg/. We have to show that the 
collection {G, U (Fj \ U)}i^j is a (closed) W-adjustment lelX \ U of J-". Since ^ is a 
W-adjustment of J-'/U, for each J G I there exists a homeomorphism hj from FjClU 
onto Gj that is W-close to the inclusion of FjdU into U. By the first statement, the 
map hjU {Fj \ t/) is a (closed) embedding. This embedding is W-close to the inclusion 
and its image is equal to G j U {Fj \ U). We are done. □ 

4.2 Limits of sequences of adjustments 

Definition 4.2. For every sequence = we let 

lim.F. = {nU^'W. 

j>l k>j 

Proposition 4.3. Assume that V = {V/c}/c>i is a locally finite collection of open 
subsets of a Polish space X. For every open cover U of X there exists a sequence 
Ui,L{2, ■ ■ ■ of open covers of X such that if J^k is a Uk- adjustment relX \ Vk of J^k~i, 
then limfc^oo^fc is a U- adjustment of J-'q. 

Proof. Without a loss of generality we may assume that a second star of each element 
of U intersects only finitely many elements of V. Let Wi, W2, ... be a sequence of covers 
of X obtained via lemma [2.191 applied to U. We will show that it satisfies our claim. 

Let J-'k = {F^}i(zi and J-'oo = limfc^oo ^k- Let Fj = fljej By the assumptions, 
for each J C I there exists a homeomorphism hj-. Fj~^ Fj that is W^-close to 
the inclusion of Fj~^ into X. By lemma 12.191 and by the choice of W^'s, the limit 
hy = limfc^oo hjO---oh'^oh]j exists, is continuous and W-close to the inclusion of 
F] into X. 

Observe that if a map is W-close to the identity, then to check that it is a home- 
omorphism (onto its image) it suffices to check it is a homeomorphism on stu U for 
every U in U. By the choice of U, for each U inlA the second star st^ U intersects only 
finitely many elements of V. Since each h j o ■■■ o h'j o h]j is W-close to the identity, 
the sequence h{ o ■ ■ ■ o h( o Hq restricted to Fj fl stu U stabilizes after finitely many 
steps. By the assumption every /i^ is a homeomorphism, so hf restricted to st^^ U is 
a homeomorphism. We are done, because the image of hf is equal to Ff^, by local 
finiteness of V. □ 
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4.3 Construction of a closed A/J^-swelling 

Our first application of tlie teclinique of adjustments is a construction of a closed 
interior A^n-cover given some constraints on its size and structure. 

Lemma 4.4. If Q is a closed star-finite cover of an Mn-space Y and V is an open 
swelling of Q, then for each open cover UofY and each Z-set Z in Y there exists a 
closed U-adjustment J^ofV that is a swelling of Q and such that Z is a Z{T)-set. 

Observe that the assumption that Q is star-finite and has an open swelling implies 
that it is locally finite. 

Proof. Let Q = {Gj}jg/, V = and Vj = f]j^jVj for each non-empty subset J 

of /. Let T = {J d I: J ^ ^ and Vj ^ 0}. Order X into a sequence {Jk\k>i non 
increasing in the order by inclusion. Such ordering exists because V is star-finite. Let 
W^fc = UiG/\jfe be a boundary of Vj^, \ Wk taken in Vj^. (it is not necessarily 

closed in F). Let 

Uk = {yj^\ U G.;)r\{yeY:d{y,Bu)<d{y,Y\Vj^)}, 

where d{y,A) is the distance of a point y from a set A (we let d{y,^) = oo). By 
the assumptions, V is a swelling of Q, so IJig/\jj. Hence Uk is an open 

neighborhood of B^. We shall prove that if Uk intersects Ui, then either C J; or 
Ji C Jfc. Let y be an element of UknUi. If Bk n Vj, = and 5; n Vj^^ = 0, then 
d{y, Bk) < d{y, Y\VjJ < d{y, Bi) < d{y, Y\Vj,) < d{y, Bk) - a contradiction. Hence 
either Bk intersects Vj^ or Bi intersects Vj^. Assume the former case, i.e. BkCiVj^ ^ 0. 
By the definition, Bk is disjoint from Wk- Since Vj, = nieJ, ^ intersects Bk, it is not 
a subset of Wk = UiG/\jfe hence J; must be disjoint from / \ Jk, so it must be a 
subset of Jk- Same argument applies in the latter case, i.e. when Bi fl Vj^ ^ 0. 

Let • • • be a sequence of covers of Y obtained via proposition 14.31 applied to 

a locally finite collection V and an open cover lA of Y . If P and Q are open subsets 
of y, then the boundary oi P\Q taken in P is equal to the boundary of Q taken in 
P U Q. We let P = Vjj. and Q = Wk, and obtain the equality Bk = Bdvj^uWk 
Since Uk is a neighborhood of Bk, Wk \ Uk is closed in Wk U Vj^. By theorem I2.18[ 
Wk U Vjj. is an A/'n-space. Therefore, by proposition 12.391 applied to A = Wk \ Uk, 
y = Wk and Zy = Z n Uk, the inclusion Wk C Wk U Vj^ has a W^-approximation 
hk '■ Wk — > Wk U Vj^ such that the following condition is satisfied. 

(hfc) /ifc is a closed embedding into Wk U Vj^, is W^-close to the inclusion, is equal to 
the inclusion on Wk \ Uk and has image disjoint from Z fl Uk- 

We shall recursively construct a sequence JF^. = {Fj^jjg/ of covers of Y, starting 
with jFg = V, such that for A; > the following conditions are satisfied. 
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(Ifc) J^k is a Wfc-adjustment of Tk-i relF \ with fixed J^. 

(2fc) jFfc restricted to IJo<Kfc ^-^i ^ closed cover, Z is a Z'(jFfc)-set and ^ is a shrinking 
of J^k- 

Observe that Z is a Z(jFo)-set by remark [3TT] and ^ is a shrinking of Tq. Before 
we construct the sequence, we prove that for each > if (Ij) and (2;) are satisfied 
for each / greater than and less than or equal to /c, then the following conditions 
hold: 

(3.) U iG/\jfc+i ^ subset of Wk+i, 

(4fc) Uk+i U {Vj,^, \ Wk+i) is a subset of FX^,- 

To prove (3^) fix j G / \ Jk+i- We will show by induction on / that Fj C Wk+i 
for each < / < A;. It is true for / = 0, because F° = Vj. Let / > 0. By (1;), JF; 
is equal to !Fi^i on the complement of f//, hence Fj C U Ui. By the inductive 
assumption C Wk+i- H I < k, then J/ \ Jk+i is non-empty, by the order of J^'s. 
Hence Ui C Vj, C Vj,\j,^, C Wk+i. Hence Fj C Fj'^ U f/^ C VTfc+i. 

We will show by induction on / that Uk+i U (Vj^.^^ \ Wk+i) is a subset of Fj^ ^ 
for each < I < k, thus proving (4^). From the definition f/^+i C Vj^.^^ = Fj^_^_^, 
so the assertion is true for / = 0. Let < I < k. We either have Jk+i 't- Ji oi' o^' 
Jfc+i C J;. By (1/), is an adjustment of J^i-i with fixed J; so in the latter case, 
^Jk+i ~ ^Jk+i ^^'^ assertion is true. In the former case, Ui is disjoint from Uk+i 
and Ui C Vj, C Wk+i- Hence t/fc+i U (Vj,.^^ \ VTfc+i) is disjoint from Ui. By (1/), J^i is 
equal to on the complement of Ui, so the inductive step is done. 

The construction. Fix k > and assume that we already constructed J^k-i- Let 

k^ \ hk{Ft') i^I\Jk 
' I F^-^ I G Jk. 

Consider J d L If J C Jk, then Fj = Fj~^. \i J Jk, then a direct computation 
using (4fc_i) and (hfc) shows that Fj = hk{Fj~^). Hence by (3fc_i), the restriction of 
hk to Fj~^ is a homeomorphism onto Fj. By the definition of a Z^fe-adjustment, (1^) 
is satisfied. 

By (hfc), hk is a closed embedding into Wk U Vj^.. Hence its restriction to 
K^{\^Q<l<k^Jl) = [Jo<i<kVji is a closed embedding into Uo<z<fc '^^r % (2fc_i), J'fe-i 
restricted to Uo<«<fc ^-^i closed. Hence for each i e I \ Jk, F^ r\ IJo</<fc ^Ji ~ 
hk{Ft-' n Uo</<.K7j is closed in Uo<z<fc ^^r If ^ ^ J,, then i^'^ = F^-'. By (4,_i), 
^A- \ Uo</<A,' '^Ji is a subset of F^~^. The intersection of F^'^ with IJo<«<fc ^-^i is closed 
in Uo<^<fc so i^^-i n Uo</<fc K/, = {Vj, \ [jo<i<k K/J U {F^-' n Uo<Kfc K/J is closed 
in IJo<Kfe ^-^i • Hence J^k restricted to Uo<z<fc is a closed cover. 



36 



Chapter 4: Constructing dosed Mn- covers 



By (2fc_i), Gi C F^-^ for each lel. If i G J^, then = F^-^, so C F^. If 
i E I \ Jk, then Gj is disjoint from f/^ by the definition. By (1^.), Fj' is equal to F^~^ 
on the complement of Uk, hence Gi C Fj'. Therefore Q refines J-'k- 

By (2fc_i), Z is a Z(^fc_i)-set. Hence for each J C I, Z D Fj~^ is a Z-set in 
F^-\ If J C Jfc, then = so Z n is a Z-set in as well. If J ^ Jk, then 

-Fj = hk{Fj~^). By (hfc), the image of hk is disjoint from ZnUk and /i^ is equal to the 
inclusion on the complement of Uk- Hence Z (1 Fj = Z D {Fj^^ \ Uk). By (2fc_i), the 
latter set is a Z-set in Fj~^, hence its image under hk is a Z-set in hk{Fj~^) = Fj. 
But hk is the identity map on this set, hence Z fl Fj is a Z-set in Fj. Hence Z is a 
Z(jFfc)-set. 

By (Ifc), by proposition 14.31 and by the choice of U^s, the limit JF = limfc^oo-^fc 
exists and is a ZY-adjustment of JFq = V. By (3^), JF is closed. By (2^), it is a swelling 
of Q. By (2jt) and by proposition 13.41 Z is a Z(jF)-set. We are done. □ 

Theorem 4.5. Every closed star-finite locally finite cover that refines an open coverU 
of an Mn-space X has a swelling T that refines U and is a closed locally finite interior 
Mn-cover. Moreover, we may require that a specified Z-set is a Z{J-)-set. 

Proof. Let U be an open cover of an A/'„-space X and let Q = be a closed star- 

finite locally finite refinement of U. We may assume that Q is an interior cover [T8l 
Exercise 7.1.G]. By the same argument, there exists an open locally finite swelling 
V = {Vi}i^j of Q such that the closure of each element of V lies in an element of 
U. Let Z be an arbitrary Z-set in X. By lemma H31 V can be adjusted to a closed 
cover JF of X such that Z is a Z{J-')-set and ^ is a refinement of JF. Obviously, if the 
adjustment is small enough, then JF refines U and we are done. □ 
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Almost entire chapter is cited word-for-word after [52] and it is included here for 
completeness. 

5.1 Regular covers 

An efficient way to investigate properties of a topological space is to divide it into 
pieces and examine how they are glued together. We show how to divide a general 
topological space and endow it with a structure that resembles a triangulation. 

In order to divide a space that belongs to a class C of topological spaces we must 
decide what a piece is. We want it to resemble a simplex as much as possible. As a 
simplex is an archetype of an absolute extensor, the choice of absolute extensors for C 
as pieces is quite natural. 

Definition. A space Y is an absolute extensor for a space X if each map from a 
closed subset of X into Y extends over the entire space X. The class of absolute 
extensors for all spaces from a class C is denoted by AE{C). We write AE{X) for 
AE{{X}). 

The following defines regular covers that endow a space with structures similar to 
triangulations. 

Definition. Let C be a class of topological spaces. A locally finite locally finite- 
dimensional closed AE{C)-coveT is said to be regular for the class C. Recall that a 
cover is locally finite dimensional if its nerve is such. 

Examples of regular covers include a locally finite and locally finite dimensional 
cover of an Euclidean space by its closed balls and a cover of a finite simplicial complex 
by its simplices. 
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5.2 Carrier theorem 

How to extend a partial map from a subcomplex over the entire CW complex? If 
each map from the boundary of an Euclidean ball into the codomain extends over the 
ball, then the answer is easy: order cells by inclusion and construct an extension in- 
ductively. But the asphericity of the codomain (vanishing of all its homotopy groups) 
is a rare luxury. The same technique would work though if we were able to restrict 
ranges of the map on individual cells of the CW complex to aspherical subspaces of 
the codomain. This idea leads to the notion of a carrier and to the aspherical carrier 
theorem [301 H §9]. We generalize this notion to arbitrary spaces using a cover to 
replace the cell structure in the domain. 

Definition. A carrier is a function C : ^ Q from a cover JF of a space X into a 
collection Q of subsets of a topological space such that for each A d ii ^ 
then ^^^j^C{A) ^ 0. We say that a map / is carried by C if it is defined on a closed 
subset of X and f{F) C C{F) for each F G J^. 

Carrier theorem. Assume that C : T ^ Q is a carrier such that T is a closed cover 
of a space X and Q is an AE{X)-cover of another space. If T is locally finite and 
locally finite dimensional, then each map carried by C extends to a map of the entire 
space X , also carried by C. 

Special cases of the carrier theorem follow from Michael's selection theorem, as the 
multivalued map given by the formula F{x) = f]p^^C{F) is lower semi-continuous. 

Proof. Let /o be a map carried by C and let A = dom/o. Let {i^7}o<7<r be a 
transfinite sequence of all subcollections of JF with non-empty intersections, such 
that the sequence {6-y = n^7}o<7<r is non decreasing in the order by inclusion. Its 
existence is guaranteed by the assumption of local finite dimensionality of JF. Let 
Cy = flsg^:^ ^ i-^) observe that an arbitrary map / is carried by C if and only if 
f{S.y) C Cy for each < 7 < F. Let 6r = 0. We shall construct a transfinite sequence 
of maps {fy-. AU IJo<a<7 ^}7<r such that extends //3 for all < < a < F 
and f-yiSy) C C^ for each < 7 < F. The map /r will be an extension that we are 
looking for, since U7<r '^7 ~ 

We proceed by transfinite induction. Fix 7 < F and assume that for each a < 7 
we already constructed /„. The map = Ua<7 /a is well defined, continuous and its 
domain is closed in X because maps fa agree on intersections of their domains and 
is closed and locally finite. If 7 = F, then 5^ = and we may put /r = /r- If 7 < 
then by the order of 6y and by inductive assumptions maps 6^ into Cy. The set C^ 
is non-empty because C is a carrier and is an absolute extensor for because Q is 
an AE{X)-coYeT. So extends onto 6^ to a map fy such that f-y^Sy) C Cy and our 
construction is finished. □ 

Definition. A cover is regular for a space X if it is regular for the class {X}. 
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Corollary 5.1. // a closed cover Q of a space Y is regular for X x [0, 1], then every 
two Q-close maps from X into Y are Q-homotopic. Moreover such homotopy exists 
with the additional property that if endpoints of its path lie in an element of Q, then 
the entire path lies in it. 

Proof. Let / and g be two ^-close maps from X into Y . Let T = {-Fcjcee be the 
collection of subsets of X x [0, 1] defined by the formula 

FG = {f~\G)ng~\G))x[0,l]. 

It is a cover of X x [0,1] because / and g are ^-close. Define a carrier C : ^ Q 
by the formula C{Fg) = G and a map F: X x {0, 1} — > y by F{x, 0) = f{x) and 
F{x, 1) = g{x). By the definition, F is carried by G and by the carrier theorem, it 
admits an extension over the entire space X x [0, 1], also carried by G. This extension 
is a ^-homotopy that satisfies our claim. □ 



5.3 Nerve theorem 

Nerve theorems give conditions under which the nerve of a cover is equivalent 
to the underlying space. First examples of such theorems are attributed to K. Bor- 
suk [TOl p. 234] (for closed covers) and A. Weil [371 P- 141] (for open covers), both for 
homotopy equivalences. Since then several generalizations were made. First general- 
izations by W. Holsztyhski [21] and J. N. Haimov [T^] relaxed conditions on the cover. 
Next weak homotopy equivalences were studied in this context by M. McCord [21] 
and weak n-homotopy equivalences by A. Bjorner [9]. 

The nerve theorem that we shall use in the present paper is proved in the next 
chapter. Here we develop tools used in its proof. As an easy application, we prove 
a nerve theorem for closed covers (theorem 15. 5p . which is more general than results 
previously published in the literature. 

Definition. A carrier is invertible if it is bijective and its inverse is a carrier. 

Lemma 5.2. // a collection T = {Fjjjg/ is point-finite, then its nerve is well defined 
and a function Fi i— bstw(Fj) is an invertible carrier, where bstf (Fj) is a barycentric 
star of a vertex of the nerve of J-" that corresponds to Fi. 

Proof. This is a reformulation of lemma 12.111 □ 

Lemma 5.3. If a simplicial complex is locally finite dimensional and is endowed with 
either weak or metric topology, then its cover by barycentric stars of its vertices is 
regular for the class of metric spaces. If a simplicial complex is both locally countable 
and locally finite dimensional and is endowed with the metric topology, then its cover 
by barycentric stars of its vertices is regular for the class of normal spaces. 
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Proof. Let be a locally finite dimensional simplicial complex and let Bk be a cover 
of K by barycentric stars of its vertices. By lemma [2.11l the nerve of Bk is isomorphic 
to K. Hence Bk is locally finite dimensional. By lemma 12.111 Bk is locally finite. 
What is left to prove is that every intersection of elements of Bk is either empty 
or is an absolute extensor for the class of metric spaces (or for the class of normal 
spaces if K is countable and endowed with the metric topology). By theorem 11.7 on 
page 109 of [23] and by theorem 10.4 on page 105 of [2S|, every simplicial complex is 
an absolute neighborhood extensor for the class of metric spaces. By theorem 11.7 
on page 109 of [25], a countable simplicial complex with the metric topology is an 
absolute neighborhood extensor for the class of normal spaces. By theorem 7.1 on 
page 43 of [25], every contractible absolute neighborhood extensor is an absolute 
extensor. Hence it suffices to prove that an intersection of a collection of barycentric 
stars of vertices of a simplicial complex is either empty, or contractible. Lemma [2.121 
finishes the proof. □ 

Remark 5.4. Conditions listed in theorem 11.7 on page 109 of [25] allow to state 
other variants of lemma 15.31 i.e. if the complex is endowed with the metric topology 
but is not necessarily countable, then the cover is regular for the class of fully normal 
spaces, etc. 

Putting everything together we obtain a nerve theorem for homotopy equiva- 
lences. We state the theorem for closed covers, which generalizes a nerve theorem by 
J. N. Haimov [19]. An analogous theorem for open covers may also be proved. We do 
not state it here as it turns out to be equivalent to the nerve theorem by A. Weil [37j . 

Theorem 5.5. Assume that a closed cover of a normal space X is regular for 
the class of metric spaces. If T is star- countable, then X and the nerve of T are 
homotopy equivalent. 

The main theorem of [19] states the same conclusion under the additional assump- 
tion that T is star- finite and X is paracompact. The topology on the nerve of T is 
either weak or metric; by theorem 6.4 on page 81 of [7], the identity map from a 
simplicial complex endowed with a weak topology into itself, endowed with a metric 
topology, is a homotopy equivalence. 

Proof. Let B: T ^ Bjr be an invertible carrier as defined in lemma 15. 2[ By the 
carrier theorem and lemma 15731 there exist k: X — > N{J-) and A: NlJ-") —* X carried 
by B and B~^ respectively. Then A ok is carried by B~^oB so it is jF-close to idx and 
by corollary 15.11 A is a homotopy inverse of k. Analogously k is a homotopy inverse 
of A so X and N{J^) are homotopy equivalent. □ 



Chapter 6 

Anticanonical maps and 
semiregularity 

6.1 A nerve theorem and the notion of semiregu- 
larity 

The crux of the proof of theorem 15.51 is the proof of the existence of a map A 
carried by the carrier B^^ defined in lemma 15.21 These maps are very important in 
the sequel 

Definition. A map from the nerve of a closed cover JF into the underlying space is 
an anticanonical map of T if it is carried by the carrier defined in lemma 15.21 

Proposition 6.1. // an AE{n)-cover is point-finite and has at most n- dimensional 
nerve, then it admits an anticanonical map. 

Proof. Let JF be a point-finite AE{n)-coveT with at most ra-dimensional nerve. By 
lemmaESl the cover Bjr of the nerve of Thy barycentric stars of its vertices is locally 
finite (by the definition of a regular cover). By lemma [5l2| Byr is isomorphic to JF. 
In particular, it is locally finite dimensional. By the carrier theorem, the empty map 
extends over the nerve of to a map carried by This map is an anticanonical 

map of JF. □ 

The notion of an anticanonical map is dual to the notion of a canonical map. For 
closed covers, we define canonical maps as follows. 

Definition. A map from a space into the nerve of its closed cover JF is a canonical 
map of T if it is carried by the carrier B defined in lemma 15. 2[ 

Proposition 6.2. Every closed locally finite and locally finite dimensional cover of a 
metric space admits a canonical map. 
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Proof. Apply lemma 15.31 and the carrier theorem. □ 

If a cover satisfies assumptions of propositions 16.11 and 16. 2[ then it is regular for 
the class of at most ra-dimensional metric spaces (the assumption that its nerve is at 
most n-dimensional is not needed). For brevity, we employ the following definition. 

Definition. We say that a closed cover is n-regular if it is a locally finite locally finite 
dimensional AE{n)-coveT, i.e. if it is regular for the class of at most n-dimensional 
metric spaces. 

Nerve theorem. The n-dimensional skeleton of the nerve of a closed n-regular cover 
of an at most n-dimensional metric space X is n-homotopy equivalent to X. In 
particular, if two at most n-dimensional metric spaces admit isomorphic closed n- 
regular covers, then they are n-homotopy equivalent. 

Proof. We prove the second assertion first. Let X and Y be at most n-dimensional 
metric spaces and let J-' = and Q = {Gjjjg/ be isomorphic closed n-regular 

covers of X and Y respectively. The map C : T ^ Q that assigns G-i to Fi for each 
i G / is an invertible carrier. By the assumption, JF is a closed locally finite locally 
finite dimensional cover of X and Q is an /li?(X)-cover, because X is at most n- 
dimensional. Hence, by the carrier theorem, there exists a map k: X — > y, carried 
by C. By the symmetry of assumptions, there exists a map \ : Y ^ X, carried by 
C~^. Let be a map from an at most (n — l)-dimensional simplicial complex into 
X. The map A o k is carried by o C, hence it is J-'-close to the identity on X. 
Therefore, by corollary 15.11 A o k o is homotopic to ^, hence A is an n-homotopy 
inverse of k. Analogously, k is an n-homotopy inverse of A, so k and A are n-homotopy 
equivalences and X is n-homotopy equivalent to Y . 

Let Ejr be the cover of the nerve N{T) of by barycentric stars of its vertices. 
Let Bj?^ denote the restriction of Bjr to the n-dimensional skeleton of the first barycen- 
tric subdivision of the nerve of JF. It is isomorphic to Bjr, which is isomorphic to JF 
by lemma 15.21 By lemma 15. 3^ Bjr is regular for the class of metric spaces. Hence, 
by the cellular approximation theorem (see [2T1 Corollary 4.12]), B^.p^ is n-regular. 
Therefore, by what we proved in the first paragraph, X is n-homotopy equivalent 
to the n-dimensional skeleton of the first barycentric subdivision of the nerve of JF. 
By the cellular approximation theorem, inclusions of n-dimensional skeleton of A^(JF) 
into N[J-') and of n-dimensional skeleton of the first barycentric subdivision of N{T) 
into N{T) are weak n-homotopy equivalences. Hence, the inclusion of the former 
skeleton into the latter skeleton is a weak n-homotopy equivalence. By Whitehead's 
characterization, both skeletons are n-homotopy equivalent. We are done. □ 

Remark 6.3. If a closed n-regular cover of an at most n-dimensional space has an at 
most n-dimensional nerve, then by proposition 16.21 and by proposition 16.11 it admits 
both a canonical and an anticanonical map. By an argument used in the proof of the 
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nerve theorem, these maps are n-homotopy equivalences and are n-homotopy inverses 
of each other. 

Definition. We say that a closed cover is n-semiregular if it is a locally finite cover 
with at most n-dimensional nerve, which admits an anticanonical map that is an 
n-homotopy equivalence. 

Lemma 6.4. Every closed n-regular cover with at most n-dimensional nerve is n- 
semiregular. 

Proof. Apply proposition 16.11 and remark 16.31 □ 

Proposition 6.5. Every AN E{n)-space admits an open cover U such that every 
anticanonical map of a closed locally finite locally finite dimensional cover that re- 
fines lA is an n-homotopy equivalence. In particular, if a closed locally finite cover 
refines lA, has at most n-dimensional nerve and admits an anticanonical map, then it 
is n-semiregular. 

Proof. Let X be an AN E{n)-sp&ce. By theorem 12. 4[ there exists an open cover U 
of X such that every two W-close maps into X are homotopic, provided that their 
domain is an at most {n — l)-dimensional metric space. We will show that U satisfies 
our claim. Let JF ba a closed locally finite locally finite dimensional cover of X that 
refines U and has an anticanonical map A : N{J-') — >■ X. By proposition 16. 2[ there 
exisits a canonical map n: X ^ ^{^) of ^- By lemma [5l3] and corollary 15.11 the 
composition k o A is homotopic to the identity of N{J-'). By the definitions, the 
composition A o k is jF-close to the identity of X. Hence, for each map / from an 
at most (n — l)-dimensional simplicial complex into X, the composition A o k o / is 
W-close to /, hence homotopic to /, by the choice of W. So, A o k is n-homotopic to 
the identity on X . Hence, k and A are ra-homotopy inverses of each other. □ 

Proposition 6.6. If is a closed n-semiregular cover of an at most n-dimensional 
AN E{n)-space X , then every map from an at most {n — 1) -dimensional simplicial 
complex into an element of T is null-homotopic in X. 

Proof. Let / be a map from an at most (n — l)-dimensional simplicial complex into 
an element of T. By proposition 16.21 there exists a canonical map of JF, which we 
denote by k. Let A be an anticanonical map of T that is an n-homotopy equivalence. 
By Whitehead's characterization, there exists a map fi: X ^{^) such that A o 
is n-homotopic to the identity on X. The composition k o A is carried by i? o B~^, so 
it is i3;c-close to the identity on the nerve of JF and by corollary 15. 1[ it is homotopic 
to it. Hence, fi is homotopic to k o A o /i, which is n-homotopic to k. The identity on 
X is n-homotopic to A o /i, which is n-homotopic to A o k. Hence, by the definition 
of n-homotopy, / is homotopic to (A o /t) o /. But k o / is null-homotopic because its 
image lies entirely in a barycentric star of a vertex of the nerve of JF, by the definition 
of K and the assumption that the image of / lies entirely in an element of JF. Thus /, 
being homotopic to A o k o /, is null-homotopic. □ 
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6.2 A construction of regular covers 

We will now present a theorem (theorem 16.71) that allows us to construct an n- 
regular cover from an n-semiregular cover. We are still far away from its proof, which 
will be given in chapter [TTl 

Definition. We say that a cover is n-contractible in a cover Q if it refines Q and if 
every map of an at most (n — l)-dimensional simplicial complex into an element of T 
is null-homotopic in an element of Q. 

By a way of example, note that proposition 16.61 states that every closed n- 
semiregular cover of an at most n-dimensional AiVi? (?7,)-space X is ra-contractible 
in {X}. 

Theorem 6.7. There exists a constant N such that if a closed star-finite k-regular 
n-semiregular (k < n) interior Mn- cover is n-contractible in a cover S, then there 
exists a closed {k + 1) -regular n-semiregular interior Afn- cover isomorphic to T and 
refining '&\J^ E. Moreover, we may require that the constructed cover is equal to T on 
a neighborhood of a given Z{J-')-set. 

The rest of this section is devoted to proofs of three corollaries of theorem 16. 71 that 
will be used in the proof of the main theorem. 

Corollary 6.8. If J-" is a closed star-finite n-semiregular interior Mn-cover of a 
space X and Z is a Z{J-')-set, then there exists a closed n-regular interior Mn-cover 
of X that is isomorphic to T and is equal to T on a neighborhood of Z . 

Proof. By proposition 16.61 every closed n-semiregular cover of X is n-contractible 
in {X}. Let JFq = JF. By theorem 16.71 applied recursively with S = {X}, for each 
< A; < n there exists a closed star-finite fc-regular n-semiregular interior A^i-cover 
J^k of X that is isomorphic to J-'k-i and is equal to J^k-i on a neighborhood of Z. 
The cover JF„ is a cover that satisfies our claim. □ 

Corollary 6.9. For every cover U of an Mn-space X there exists a cover V of X 
such that if is a closed star-finite n-semiregular interior Mn-cover that refines V 
and Z is a Z{J^)-set, then there exists a closed n-regular interior Mn-cover of X that 
is isomorphic to T , is equal to T on an open neighborhood of Z and refines U. 

Proof. Let be the constant obtained via theorem 16.71 By theorem 12. 4^ for each 
open cover Uk of X there exists an open cover Vk of X that is n-contractible in lAk- 
Define recursively a sequence Vn-i, . . . ,^0, Vo of open covers of X such that 

st^W„„i refines U, Vk is n-contractible in Uk and st^ lAk-i refines Vk- We will show 
that V = Vo satisfies our claim. Let JFq = JF. By the assumption, JFq refines Vo, hence 
it is n-contractible in Uq. For /c = 1, 2, . . . , n, we apply theorem 16.71 to a cover J^k-i 
with £ = Uk-i and obtain a closed fc-regular n-semiregular interior A^n-cover JF^ of X 
that is isomorphic to J-'k-i, refines st^ Uk-i (and hence V^) and is equal to Tk-i on a 
neighborhood of Z. The cover JF„ is a cover that satisfies our claim. □ 
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Definition. We say that a cover is m-hary centric if its nerve has a structure of an 
mth barycentric subdivision of a locally finite simplicial complex K. We say that K 
is a primary complex of the cover. 

Corollary 6.10. For every n and k there is a constant nin^k such that if S is 
an n-regular nin^k-barycentric cover of an Mn-space X, T is a closed star-finite n- 
semiregular interior Mn-cover that refines st^ £ and Z is a Z{J^)-set, then there exists 
a closed n-regular interior Mn-cover of X that is isomorphic to T , refines st"*"''= E and 
is equal to T on an open neighborhood of Z . 

To prove corollary 16.101 we need four lemmas stated below. The notion of a join 
is auxiliary and won't be used later. 

Definition. A A;th join jn'^ JF of an m-barycentric cover with primary complex K 
is a cover by those {2^ — l)th stars of elements of JF that correspond to vertices of the 
(m — A;)th barycentric subdivision of K. 

Remark 6.11. If a cover is m-barycentric, then its kth join is (m — fc)-barycentric, 
when considered with the same primary complex. Also, every m-barycentric cover 
is /c-barycentric for each k < m. For each [k + /)-barycentric cover JF, we have 
jn'=jn'jP' = jn*=+'j^. 

Lemma 6.12. //JF is m-barycentric, then st^'" T -< jn™ JF c st^'"^^ JF. 

Proof. The second relation follows directly from the definition. To prove the first 
relation, consider a discrete metric on the set JF, with the distance between two 
elements of .F defined to be the length of a shortest chain containing them, decreased 
by 1 (a chain is a sequence of sets in which every two consecutive elements intersect). 
Then elements of st^™ ~^ JF correspond to balls of radius 2™~^ — 1 in JF and elements 
of jn™ JF correspond to balls of radius 2"^ — 1 in JF, but with centers in elements of JF 
corresponding to vertices of the primary complex K of JF. The nerve of JF is mth 
barycentric subdivision of K, hence a distance of an element of JF from an element 
that corresponds to a vertex of K is not greater than 2"^~^. We are done. □ 

Definition. We say that a subcomplex L of a complex K is full if it contains every 
simplex spanned in K by its vertices. 

Lemma 6.13. If Li, L2, . . . ,Lk are subcomplexes of some other complex, then 

bst™ Li n . . . n bst™ Lk = bst™"^(bst Li n . . . n bst Lk), 

for each m > 1 . 

Proof. Assume L and M are subcomplexes of some other complex. We shall prove 
that 
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(1) If LUM is full, then bst L n bst M = bst(L n M) . 

We have to show that bstL n bst M C bst(L n M). Assume that L U M is a full 
subcomplex of a complex K. Observe that for each pair of vertices Wi,f2 € K the 
interesction bst Vi fl bst V2 is non-empty if and only if f i, t'2 are connected by an edge. 
Let f be a vertex in bst Lflbst M. Then v G bst Vi and v G bst V2 for some f i G L and 
V2 G M. Then Vi and V2 are connected by an edge, which must be contained either 
in L or in M, because L U M is full. Hence either vi or f 2 is contained in L fl M. 
Therefore v is contained in bst(L n M) and we are done. 

A barycentric star of a subcomplex is always full, hence (1) yields the equality 

bst(bst'"-i Li) n bst(bst'^-^ L2 n . . . n bst™-^ Lk) = bst(bst'"-^ Li n . . . bst™^^ Lk). 

An elementary induction on m and k finishes the proof (observe that bst (bst L) = 
bst '"-^ (bst L)). □ 

Lemma 6.14. If L is a full subcomplex of a locally finite dimensional simplicial 
complex K , then bst L and L are homotopy equivalent. 

Proof. Let C denote the collection of barycentric stars of vertices of L, taken in K. 
Since L is a full subcomplex of K, C is isomorphic to the cover of L by barycentric 
stars of its vertices, taken in L. Hence, by lemma 15.21 the nerve of C is equal to 
L. By lemma 15.31 and by the definition of bst L, £ is a regular cover of bst L. By 
theorem 15.51 bst L is homotopy equivalent to the nerve of C We are done. □ 

Lemma 6.15. An mth join a closed n-regular m- barycentric cover of an at most 
n-dimensional metric space is n-regular. 

Proof. Let JF be a closed n-regular m-barycentric cover of an at most ra-dimensional 
metric space X. Let Ej: be a cover of the nerve of by barycentric stars of its vertices. 
Let S^'* be the restriction of Bjr to the n-dimensional skeleton of the first barycentric 
subdivision of the nerve of JF. We have to show that non-empty intersections of ele- 
ments of jn™" T are absolute extensors in dimension n. Fix any such intersection A. 
Let B be the intersection of the corresponding elements of jn™' B^^\ As we argued in 
the proof of the nerve theorem, B^^'^ is n-regular and isomorphic to JF. Clearly, the 

restrictions of JF to A and of S^"* to B are n-regular and isomorphic. Hence, by the 
nerve theorem, A is n-homotopy equivalent to B. By theorem 12. 6[ being an absolute 
extensor in dimension n is n-homotopy invariant in the class of absolute neighborhood 
extensors in dimension n. Hence it suffices to show that B is an absolute extensor 
in dimension n, which in turn would follow from the cellular approximation theorem 
(see pT| Corollary 4.12]) if the intersections of elements oi]n^Bjr were contractible 
(cf. proof of lemma . which we are about to prove. Let Khe a, primary complex of 
Bj: such that the nerve of Bjr is the mth barycentric subdivision of K. Observe that 
jn™ Bjr is a collection of mth barycentric stars of vertices of K. By lemma [6. 131 if {vi} 
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is a collection of vertices of K, then f^bst^fj = hst"^~^ {f]hst Vi) . By lemma [6.14[ 
bst"*~'^(f] bst Wj) is homotopy equivalent to f^bstfj. The latter intersection is con- 
tractible by lemma \^72\ We are done. □ 

Proof of corollary \6.1(A By the definitions, if a cover refines an ra-regular cover, then 
it is ra-contractible in it. By lemma IB. 121 and lemma [B.lSj the proof is reduced to an 
easy recursive application of theorem 16.71 and we omit its details. □ 

The following technical lemma will be used in chapter [HI 

Lemma 6.16. Assume that Q is a 2-barycentric and n-regular cover of a space Y 
and J-" is a closed locally finite locally finite dimensional cover of an at most n- 
dimensional metric space X. If T and Q are isomorphic, then every map f defined 
on a closed subset of X that maps elements of T into the corresponding elements 
of st Q extends over the entire domain to a map that maps elements of T into the 
corresponding elements of st'^Q. 

Proof. Let = {-Fjjjg/ and Q = {Gi}i^j. By lemma [6.121 there exists a map q from 
the indexing set of st Q into the indexing set of jn^ Q such that stg Gi C st'^ Gq^i). The 
function Fi i— > st"^ G^g(j) is a carrier and / is carried by it. By lemma I6.15[ jn^ Q is 
n-regular, hence by the carrier theorem / extends over the entire domain to a map 
g such that g{Fi) C st^Gg(j). Since Gi C st'^Gq(j), we have C st'^Gj. Hence 
st^ = stg C stgst* Gi = st^Gj. Hence g maps elements of JF into the 
corresponding elements of st^ Q. □ 



6.3 A construction of semiregular covers 

First we briefly describe the technique of the construction (cf. figure [6?T]) . Consider 
an A/'n-space X. By lemma 12.261 there exists a weak n-homotopy equivalence of 
an at most n- dimensional countable locally finite simplicial complex L and X. By 
the strong univerality of X, we may approximate it by a closed embedding. By 
lemma I2.21[ we may require (and we do) that the approximation is also a weak n- 
homotopy equivalence. Let K denote its image. It is a locally finite simplicial complex 
embedded as a closed subset of X and the inclusion A' C X is a weak n-homotopy 
equivalence. By theorem 12.231 there exists a retraction r: X ^ K. Let Bk be the 
cover of K by barycentric stars of its vertices. The nerve of Bk is isomorphic to K. 
Let JF = r~^(jBA')- It is isomorphic to Bk, hence its nerve is isomorphic to K. The 
identity on K is an anticanonical map of JF. It is a weak n-homotopy equivalence by 
the construction. By Whitehead's characterization, it is an n-homotopy equivalence, 
hence is n-semiregular. 

The construction described above allows us to construct a closed n-semiregular 
cover of an A^-space, but it doesn't give us a control over the size of the constructed 
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Figure 6.1: Construction of a semiregular cover. 



cover. It is because theorem 12.231 does not give a way to limit the size of fibers of r. 
Theorem 16. 171 allows us to do just that. 

Theorem 6.17. For every open cover U of an J^n- space X there exists a locally finite 
simplicial complex K embedded as a closed subset of X and a retraction of X onto K 
that is U-close to the identity. 

The proof of theorem 16.171 will be given in section 110.41 

Theorem 6.18. For each integer m, each Mn-space X and each Z-set Z in X 
there exist arbitrarily small closed star- finite m-bary centric n-semiregular interior 
Mn-covers of X such that Z is a Z{J^)-set. 

Proof. Let U be an open cover of X. By theorem I6.17[ there exists a locally finite 
simplicial complex K embedded as a closed subset of X and a retraction r: X ^ K 
that is W-close to the identity. We may assume that the set of simplices of K refines U 
and that K has a structure of an mth barycentric subdivision of another complex. 
Let T = r~^{BK) and observe that is a closed locally finite star-finite m-barycentric 
cover that refines st U. By theorem 14.51 there is a swelling ^ of .7-" to a closed interior 
A/'n-cover such that Z is a Z{Q)-set and Q ~< stU. As K is the nerve of Q, the inclusion 
of K into X is an anticanonical map of Q. By proposition 16.51 if U is small enough, 
then Q is ra-semiregular. We are done. □ 



Chapter 7 



Extending homeomorphisms by the 
use of a "brick partitionings" 
technique 

The classical approach to the problem of constructing a homeomorphism between 
complete spaces is the brick partitionings technique. Theorem 17.11 enhances this 
technique and sets the strategy for the proof of the main theorem. 

Definition. We write T\ -<f if and JF2 are covers of the same space and / is 
a map from the indexing set of Ti into the indexing set of T2 such that for all i the 
element of J^i indexed by i is a subset of the element of J^2 indexed by f{i). 

Theorem 7.1 (The homeomorphism extension theorem). Assume that Tk and Qk 
are sequences of locally finite closed covers of complete spaces X and Y . We do not 
assume that X or Y is separable or that J^k or Qk is countable. Assume that J^k 
and Qk o,re isomorphic for all k and fk is a sequence of maps such that for some m 
and each k 

^ 2k+l -</2fc+i St™:F 2k ^/2^ 2k-l, 
St™^2fe+1 ^/2,+i Q2k ^/2, St™^2fe-1. 

If meshes of Tk and ofQk converge to zero, then there exists a unique homeomorphism 
from X onto Y that maps each element of JF^ into the corresponding element of 
st™+ie?fc. 

The name of the homeomorphism extension theorem deserves an explanation as 
the theorem does not mention explicitly extensions of homeomorphisms. It is justified 
by the fact that the uniqueness of the homeomorphism implies that it extends every 
partial homeomorphism that maps elements of T^s into the corresponding elements 
of st™+i ^fc's. 
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Proof. The uniqueness of a homeomorphism from X onto Y that maps elements of JF^ 
into the corresponding elements of st™"*"^ is a direct consequence of the assumption 
that meshes of Qk converge to zero. Every two maps that satisfy this condition must 
be st"*"*"^ ^fc-close for all k. 

The existence is proved in two steps. Let J-'k = {Fj'^jig/j. and Qk = {Gf}ieik- the 
first step we prove that there exists a function f: X ^ Y such that f{F^) C st"*"*"^ 
for all /c G N and i & Ik- In the second step we prove that it is a homeomorphism. 

By the definition, an mth star of an element of a collection of sets is a union 
of some of the elements of the collection. We shall call summands of this union 
components of the mth star. Note that the set of components of an mth star may 
differ from the set of elements of the collection that are subsets of the mth star. If 
C is a collection of sets and if Ci,C2 are elements of C, then Ci is a component of 
st™ C2 if and only if C2 is a component of st^ Ci . 

For each a; e X let Ak{x) = \J{st"^ : i G 4,x G F^}. We first wish to apply 
the Cantor theorem to prove that f^^Afc(x) 7^ for each x G X. By local finiteness 
of ^fc's, each Ak{x) is closed. The sequence of diameters of Ak{x) converges to zero 
as k goes to infinity since Ak{x) is an union of mth stars of intersecting elements of 
Qk- The proof of the inclusion Ak+i{x) C Ak{x) depends on the parity of k. From 
the definition of Ak+i{x) it suffices to check that for each i G Ik+i such that x G F^^^ 
the inclusion st"*G('+^ C Ak{x) holds. 

Assume that k is even. Then F^^^ C st^F^^ r\- Then for some ?' G Ik such 
that F^ is a component of st"* F^^^^^.^, we have x G F^. Then from the definition 
st™ C Ak{x). But jFfc and Qk are isomorphic, so C^^^.^^^^ is a component of st™ G^. 

In particular, C st^G^'. Hence st™Gt'+^ C Gj^^^(.) C st^G^^ C Ak{x), the 

first inclusion from the assumption that k is even. 

Assume that k is odd. Let j G Ik+i such that F^^^ is a component of si^ F^^^. 
Then F^^^ is a component of sf^Fj^^^ In particular, i^''^^ C st""F/+^ Hence 
X G F^'^^^ C st™ F^^^ C F^^^^f^-y the last inclusion from the assumption that k is odd. 
By the definition, st™ G^^^,^^^.) C Ak{x) and by the assumptions G^"^^ C st™ G^^^^^^-^. 

Therefore G^^ C Ak{x) so st"^Gt'+^ C Ak{x). 

Thus Cantor's theorem applies to give a unique function x 1— > /(x) G f]^74fc(a;) 
such that if X G -F^'' then /(x) G Afc(x) C st"'+^ Gf for all A; G N and i G h- Let x G X 
and an open neighborhood U of /(x) in Y be given. Take /c so large that the star of 
/(x) in st™"'"^ ^fc lies in U . By local finiteness of JF/,, there is open neighborhood V 
of X in X that lies in a star of x in a cover J^k- Then fiV) C t/, showing that / is 
continuous. By the symmetry of assumptions (which we obtain after throwing away 
Ti and Qi from the sequences), there exists a continuous map g:Y ^ X such that 
g{G^i) C sf^^^ Fl'. By these conditions, g{f{F^)) C st^"'^'^ F^ so go f = idx because 
it is st^™^"*"^ J-fc-close to idx for all k. Similarly f o g = idy, so / is a homeomorphism 
from X onto Y. □ 



Chapter 8 

Proof of the main results 



In this chapter we prove the main theorem and derive all theorems stated in the 
introduction. We use theorems 16.71 and 16.171 whose proofs will be given in the third 
part of the paper. 

Definition. We say that a cover is a closed partition of an MnSpace X if it is a closed 
star-finite n-regular interior A/'„-cover of X with at most ra-dimensional nerve. 

Lemma 8.1. For each open cover U of an Mn-space X there exists a closed partition 
T of X that refines U. Moreover, if m is an integer and Z is a Z-set in X, then we 
may require that T is m-barycentric and Z is a Z{T)-set. 

Proof. Let V be an open cover of X obtained via corollary 16.91 applied to U. By 
theorem 16.181 there exists a closed star-finite m-barycentric n-semiregular interior 
A/'n-cover £ that refines V and such that Z is a Z(£)-set. Let JF be a closed n-regular 
interior A/'n-cover of X that refines U and that is isomorphic to £ and equal to £ on 
an open neighborhood of Z. The existence of T follows again from corollary 16. 9[ this 
time applied to £, Z, V and U. By the construction, T is m-barycentric and Z is a 
Z(jF)-set. We are done. □ 

Definition. If JF and Q are isomorphic covers of spaces X and Y respectively and h 
is a homeomorphism from a subset of X onto a subset of F, then we say that JF and 
Q are compatible with h ii h maps elements of JF into the corresponding elements of 
st Q and maps elements of Q into the corresponding elements of st JF. 

Lemma 8.2. If is a closed partition of an Mn-space X and Y is an Mn-space 
n-homotopic to X , then there exists a closed parition Q of Y that is isomorphic to 
T. Moreover, if an n-homotopy equivalence f : X ^ Y is a Z-embedding on a closed 
subset A of X , then we may require that T and Q are compatible with f\A and that 
f{A) IS a Z{g)-set. 

Proof. By theorem 12. 4[ if a map into an ylA^i?(n)-space is close enough to an n- 
homotopy equivalence, then it is an n-homotopy equivalence. Hence, by theorem l2.35[ 
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we may approximate / rel A by a closed embedding h that is an n-homotopy equiv- 
alence. By theorem 12.231 there exists a retraction r: Y ^ h{X). Let JF = 
and let 71 = {r~^{h{Fi))}i^j. The collection 7?. is a closed locally finite cover of Y. 
It is isomorphic to JF, hence it is star-finite and has at most n-dimensional nerve. 
Covers JF and TZ are compatible with /|^ by the definition of r and h. Let A be an 
anticanonical map of !F and an n-homotopy equivalence of N[J-') and X. The map 
/ o A is an anticanonical map of TZ and an ra-homotopy equivalence of N{TZ) and 
Y. Hence TZ is n-semiregular. By theorem 14.51 there is a closed interior A/'„-cover Ti. 
that is a swelling of TZ and such that h{A) is a Z(7Y)-set. We may assume that the 
swelling is so small that JF and Ti are compatible with f\A- The cover Ti. is isomorphic 
to TZ, hence it is star-finite and has at most n-dimensional nerve. As a swelling of an 
n-semiregular cover, Ti. admits an anticanonical map that is an n-homotopy equiva- 
lence. Hence H is n-semiregular. We apply corollary 16.81 to H and to the Z(H)-set 
h{A) to obtain a closed n-regular interior A/'„-cover Q isomorphic to Ti. and equal to 
Ti on an neighborhood of h{A). This cover satisfies all prescribed conditions. □ 

Lemma 8.3. For eachn there exists an integer m such that if J-" andQ are isomorphic 
closed m-barycentric partitions of Afn- spaces X and Y respectively and V is a closed 
partition of X such that V -<p T (where p is a map from the indexing set ofV into the 
indexing set of T), then there exists a closed partition QofY that is isomorphic to 
T and such that Q -<p st"^^. Moreover, if h is a Z{Q)- embedding of a closed subset 
A of X into Y such that T and Q are compatible with h, then we may require that V 
and Q are compatible with h as well. 

Proof. We let m to be equal to m„.9 -|- 1 or 2, whichever is greater, with m„.9 obtained 
via corollary 16.101 Let JF = {Fjjjg/ and Q = {Gi}ig/. 

By the carrier theorem, there is a map f: X ^ Y that maps elements of JF 
into the corresponding elements of Q. The composition of / with a canonical map 
of ^ is a canonical map of JF. By the nerve theorem, canonical maps of JF and of Q 
are n-homotopy equivalences. Hence / is an n-homotopy equivalence as well. By 
lemma 12.211 and by Whitehead's characterization, every approximation of / that is 
sufficiently close is an n-homotopy equivalence. By the definition, every approxima- 
tion of / within Q maps elements of JF into the corresponding elements of Q. Hence 
by corollary 13.71 we may assume that / is a closed embedding that has image disjoint 
from h{A). The function U f~^ is well defined and continuous and maps elements 
of Q into the corresponding elements of st J-'. By lemma [6. 161 U f~^ extends over 
y to a map g that maps elements of Q into the corresponding elements of st^ J-'. Note 
that g~^{Fi) c st^G^. 

Let V = {PjjjGJ- Let 7^ = {g-^{Pj)}j^j. We have TZ st^Q. The collection 
7?. is a closed locally finite cover of Y. It is isomorphic to V, hence it is star-finite 
and has at most n-dimensional nerve. Covers V and TZ are compatible with h by the 
definition of g. Let A be an anticanonical map of P and an n-homotopy equivalence 
of N{T^) and X. The map / o A is an anticanonical map of TZ and an n-homotopy 
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equivalence of N{TZ) and Y . Hence TZ is n-semiregular. By 14.51 there is a closed, 
locally finite interior AT^-cover S that is a swelling of the cover TZ such that h{A) 
is a Z(iS)-set. If the swelling is small enough, then S -< si^ Q and covers V and S 
are compatible with h. Let Z be a Z{S)-sei that contains h{A) and meets every 
non-empty intersection of elements of S (we may let Z to be the union of h{A) and 
im/ o A, by remark 13.51 and by proposition 13.31 this set is a Z(iS)-set). We apply 
corollary 16.101 to 5, Z{S)-sei Z and £ = Q io obtain a closed n-regular A^n-cover Q 
that refines st™"-^, is isomorphic to S and is equal to S on an neighborhood of Z. We 
have Q -< st"^"'^ Q. By the assumption that Z meets every non-empty intersection 
of elements of iS, we have Q -<p st'""'^"'"^ Q. The cover Q is a closed partition of Y . 
Since Q is equal to S on h{A), partitions V and Q are compatible with h. We are 
done. □ 

Lemma 8.4. For each n there exists a constant m such that if is an m-hary centric 
closed partition of an n- dimensional Ndbeling manifold X and Q is an isomorphic 
closed partition of an n-dimensional Ndbeling manifold Y , then there exists a home- 
omorphism from X onto Y that maps elements of T into the corresponding elements 
of st"^Q. Moreover, if and Q are compatible with a homeomorphism h of a Z-set 
in X onto a Z{Q)-set in Y , then we may require that the ambient homeomorphism 
extends h. 

Proof. Let m be a constant obtained via lemma 18.31 applied to n. We will construct 
a sequence of covers and functions ^i, .Fi, JF2, /2, ^2, ^3, /a, .^3, • • • (in this particular 
order), where fk is a map from the indexing set of (and of Qk) into the indexing 
set of J^k-i (and of Qk-i)-, such that the following conditions are satisfied for each k. 

(1) J^k and Qk are isomorphic closed m-barycentric partitions of X and Y respec- 
tively. 

(2) Zi is a Z'(jF2fc)-set and Z2 is a Z'(^2fc-i)-set. 

(3) mesh J^2fc < \ and mesh^2fc+i < 

(^4) St™ J" 2k -</2fe ^ 2k-l, ^ 2fc+l -</2fc+i St"" 2fc 
^2fc ^/2fc St'^^2fc-1, St™^2fc+1 ~^hk+\ ^2fc- 

(5) Tk and Qk are compatible with h. 

By corollary 12.361 there exists a closed embedding hi: X Y and a closed 
embedding Y ^ X such that hi\Zi = h, /i2|Z2 = and both hi and /i2 are 
n-homotopy equivalences. 

We let Qi = Q and !Fi = T. Let A; > 1 and assume that we already constructed 
Q2k-i and T2k-i- Let U be an open cover of X with mesh less than \/k and such that 
sf^U refines J^2k-i- By lemma [HTTI there exists a closed m-barycentric partition J^2k 
of X that refines U and such that Zi is a Z(jF2fc)-set. By the choice of W, the mesh 
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of J^2k is less than 1/k and there exists a function f2k such that J^2k ^/at ^2k-i- We 
let /2fc to be any such function. By the choice of m and by lemma 18.31 applied with 
^ = ^2fc-i5 G = ^2fe-i7 = -^2fc and p = f2k-i there exists a closed partition Q2k of F 
that is isomorphic to J^2k, satisfies the identity st"^^2fc -<f2k G2k~i and such that T2k 
and Q2k are compatible with h. 

The construction of Q2k+i and f2k+i is similar to the construction of T2k and f2k 
and the construction of J^2k+i is similar to the construction of Q2k- 

We constructed a sequence Q\,T\,T2, f^, ■ ■ ■ that satisfies conditions (1) - (5) 
stated above. Hence by theorem I7.H there exists a homeomorphism from X onto Y 
that maps elements of into the corresponding elements of 's<M^'^^ Qk- By (5), the 
restriction of this homeomorphism to is st"^"*"^ ^^-close to h for each k. By (3), 
meshes of st™"^^ Qk converge to 0, so this restriction must be equal to /i, hence the 
constructed homeomorphism extends h. We are done. □ 

Now we are set to prove the main theorem. Let us recall the statement. 

Main theorem. A homeomorphism h: Z\ ^ Z2 of a Z-set Z\ in an Mn-space X 
onto a Z-set Z2 in an Mn-space Y extends to an ambient homeomorphism if and only 
if it extends to an n-homotopy equivalence of X and Y . 

Proof. Only the "if" part requires a proof. Let m be a constant obtained via 
lemma 18.41 applied to n. Let h2: X ^ Y he dJi extension of to an n-homotopy 
equivalence. It exists by corollary 12.361 By lemma 18.11 there exists a closed m- 
barycentric partition Q oi Y such that Z2 is a Z(^)-set. By lemma 18.21 applied to 
Q and an n-homotopy equivalence /i2, there exists a closed partition T oi X that is 
isomorphic to Q and such that Zi = /i2(^2) is a Z(jF)-set and jFand Q are compatible 
with h. An application of lemma 18.41 finishes the proof. □ 

The proof of the local Z-set unknotting is similar. Let us recall the statement. 

Local Z-set unknotting theorem. For every open cover U of a Ndbeling mani- 
fold X there exists an open cover V such that every homeomorphism h: Zi Z2 
between Z -subsets of the manifold that is V-close to the inclusion Zi G X extends to 
a homeomorphism of the entire manifold that is U-close to the identity. 

Proof. Let U be an open cover of an n-dimensional Nobeling manifold X. Let m 
be a constant obtained via lemma 18.41 applied to n. Let W be an open cover of X 
whose (2m -|- l)-th star refines U. By lemma [HTTl there exists a closed m-barycentric 
partition Q oi X that refines W. We let V be an open cover whose star refines Q. We 
will show that it satisfies the assertion of the theorem. 

Let h: Zi — Z2 be a homeomorphism between Z-subsets of X that is V-close to 
the inclusion of Zi into X. Observe that neither Zi nor Z2 has to be a Z(^)-set. 
By theorem 13. 6[ there exists a closed Z(^) -embedding i: Zi X that is V-close 
to the inclusion of Zi into X. Let T = Q. Since st V refines ^, both i and i o 
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map elements of Q into their stars. Hence partitions and Q are compatible with 
i and with i o h^^. By lemma 18. 4^ there exists a homeomorphism hi of X onto X 
that extends i and maps elements of Q into the corresponding elements of st™ Q and 
a homeomorphism /i2 of X onto X that extends i o and maps elements of Q 
into the corresponding elements of st™ Q. Observe that /ig ^ maps elements of Q into 
the corresponding elements of st'"^^ Q, hence h2^ o hi maps elements of Q into the 
corresponding elements of st^"^+^ Q. By the construction, ^ o hi extends h and is 
W-close to the identity. We are done. □ 

Z-Set unknotting theorem. A homeomorphism between Z-sets in n-dimensional 
Ndbeling manifolds extends to an ambient homeomorphism if and only if it extends 
to an n-homotopy equivalence. 

Proof. By theorem 12.151 the n-dimensional Nobeling space is strongly universal in 
dimension n. By corollary I2.28[ it is absolute extensor in dimension n. Therefore 
theorems 12.41 and 12.161 imply that Nobeling manifolds are A/'„-spaces. Therefore the 
Z-set unknotting theorem is just a special case of the main theorem, which we just 
proved. □ 

Open embedding theorem. Every n-dimensional Ndbeling manifold is homeomor- 
phic to an open subset of the n-dimensional Ndbeling space. 

Proof. By proposition 12.291 every A^-space is n-homotopy equivalent to an open 
subset of u"'. Hence, by the main theorem, it is homeomorphic to an open subset of 
z/". □ 

Characterization theorem. An n-dimensional Polish space is a Ndbeling manifold 
if and only if it is an AN E{n)-space and is strongly universal in dimension n. 

Proof. By the definition, every open subset of is an n-dimensional Nobeling man- 
ifold. See the proof of the open embedding theorem. □ 

Sum theorem. // a space X is an union of two closed n-dimensional Ndbeling man- 
ifolds whose intersection is also an n-dimensional Ndbeling manifold, then X is an 
n-dimensional Ndbeling manifold. 

Proof. By the characterization theorem, every n-dimensional Nobeling manifold is 
an A/'„-space. By corollary 13. 8[ an union of two closed AAn-spaces that meet in an 
A/'„-space, is an A/'n-space. By the characterization theorem, every A/'n-space is an 
n-dimensional Nobeling manifold. We are done. □ 
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Constructing n-semiregular and 
n-regular A/^-covers 



Chapter 9 



Basic constructions in A/^-spaces 



9.1 Adjustment to a Z-collection 

See page [30] for the definition of a Z-collection. 

Lemma 9.1. Every star-finite locally finite closed f/n- cover admits arbitrarily small 
adjustment to a Z -collection. Moreover, given arbitrary Z{J-')-set and a closed shrink- 
ing of of T , we may assume that the Z -collection is equal to the shrinking on the 
Z{J^)-set. 

Proof. Let T = {Fi}i(zi denote a star-finite locally finite closed A/'n-cover of a space X. 
Let X = { J C /: J ^ Fj ^ Order X into a sequence Ji, J2, ■ ■ ■ non increasing 
in the order by inclusion. Such ordering exists because JF is star-finite. Let Z he a. 
Z(jF)-set and let Q = {Gjjie/ be a closed shrinking of JF. Let U be an open cover 
of X. We construct a sequence of maps {(pk ■ Fj^ ^}fceN such that for each k the 
following conditions are satisfied. 

{Ik) (pk is a Z(J^)-embedding that is W-close to the inclusion of Fj^ into X, 

{2k) im ipk C Fj^ and imipkHZ = Gj^ H Z, 

(3fc) if JkU Ji = Jrn and / < /c, then mnpk H im(y9; = imiprn, 

(4fc) if JkZ Jh then (pkO(pi = ipi. 

Fix /c G N and assume that for each I < k we constructed map ipi that satisfies 
conditions (1;), (2;) and (3;). Let Zi = Fj^ n (Z U IJ^^^im By (1), Lpi is a 
Z(jF)-set for each I < k, so Z\ is a Z(jF)-set. Let Z2 = {Gj^, fl Z) U Ui<fc- Jjdj^ i^V^« 
and observe that Z2 C and ^2 fl Z = Gj^. fl Z. Let A = Fj^ ^1 denote the 
disjoint sum of Fj^ and Zi glued along Z2. We treat Fj^ and Z2 as subspaces of A. 
Let f: A ^ X denote the map induced on A by identities on Fj^ and Zi. By the 
definition, / restricted to Zi is a Z(jF)-embedding. By theorem 13.61 there is a U- 
approximation g of /, relZi and within JF, by a Z(jF)-embedding. We let ipk to be 
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the restriction of g to Fj^. By the definition of g, (fk is a Z(jF)-embedding that is 
W-close to the inclusion of Fj^, into X and its image hes in Fj^ . By the definition of 
g, im(y9fc n Zi = Z2, hence imipk n Z = imipk n Zi n Z = Z2 H Z = Gj^ fl Z. Hence 
(Ifc) and (2fc) are satisfied. To verify (3^) observe that if JkU Ji = Jm and / < k, then 
m < I and by (3^), imy^m C im^?/. By the definition, iimpm C Z2, so imiprn C inKyj^. 
Hence ircupi niimpk D imy^m- We have iianpi nim(pk = im(pi fl inKyj^ fl Zi, because 
iimpi G Zi as I < k. Hence im ipi (limipk = imipi fl Z2, because as we noted above 
ivcupk nZi = Z2. Recall that Z2 = {Gj^ n Z) U Ui'<fc: im</3/'. By (2^) and (2^), 
imifi nGj^nZ = Gj^ n Gj^ nZ = Gj^ nZ C imv^^. Let I' < k such that J;/ D 
and observe that by (3;) and (3//), imipi fl imipi' C imyj^ as Jm <^ Ji ^ Jv- Hence 
imtpi n im<y9fc = im(y9i fl C im.Lprni by the definition of Z2. Hence (3^) is satisfied. 
To verify (4^) it is sufficient to see that if Jk C J;, then the restriction of ^pk to imy?; 
is equal to the inclusion of mnpi into X. But by the definition the restriction of ^pk 
to Z2 is equal to the inclusion and mnpi C Z2 by the definition of Z2. 

For every i G / let k{i) denote an integer such that Jk{i) = {i}- Claim: the 
collection T' = {-F/ = imipk{i)}iei satisfies the assertion. Observe that Fj^ = imipk, 
by (3), therefore JF' is a W-adjustment of JF, as by (1) every ipk is W-close to the 
identity. Let Jk C J^^. Since ipki is a Z(jF)-embedding, Fj = im ipk^ is a Z-set 
in Fj^^. Therefore ipk{F'j^^) is a Z-set in F'j^ = im (fk, but by (4) ipk{Fj^^) = Fj^^, 
therefore JF' is a Z-collection. By (2) JF' is equal to Q on Z, so JF' satisfies the 
assertion. □ 



9.2 Fitting closed A/J^-neighborhoods 

Definition. Let !F = {-FjjiG/ denote a collection of subsets of a space X. We say 
that a set A C X fits T if it is an y4£'(n)-space and if for each J (Z I the intersection 
A n Fj is an AF(n)-space. 

Lemma 9.2. Assume that a subset B of a space X fits a collection T = {Fj}jg/ and 
T restricted to B is both a Z -collection and an Mn- collection. Assume that f : B X 
is an embedding such that f~^{Fi) = FiCi B. Then f{B) fits T and JF restricted to 
f{B) is both a Z-collection and an J^n- collection. 

Proof. Let jF = and let Fj = fliej-^* ^ach non-empty subset J of J. We 

have Fj n f{B) = Fj Dim f = f{f~\Fj)) = f{Fj n S), the last equality by the 
assumption that f~^{Fi) = Fi n B for each i G L By the assumption B fits jF, 
so Fj n 5 is AeIu) for each J C / and so is Fj n f{B). Therefore fits f{B). 
The homeomorphism f : B ^ f{B) maps collection {Fj fl B}i^j onto a collection 
{Fj n f{B)}i^j. Since the first collection is a Z-collection and an A/'„-collection in B, 
the second collection is a Z-collection and an A/'^- collection in f{B). □ 
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Lemma 9.3. Assume that Q = {GijiG/ is an f/n- collection and a Z-collection in an 
Mn-space Y , V is an open subset ofY and f is a map from an at most n-dimensional 
Polish space X into Y . If f is a closed embedding into V on f^^{V) and A is a closed 
(in Y) subset of V , then f is approximable rel/~"'^(y4) by closed embeddings g such 
that g~^{Gi) = f~^{Gi) for each i E I. Moreover, if Z is a subset of X and f\z is a 
Z{Q)- embedding, then such approximations exist ie\f~^{A) U Z. 

Proof. The proof follows the proof of proposition 12. 391 Let V be an open cover of 
Y . Let U = Y \ A and let U be an open cover of U obtained via lemma 12.381 
applied to U and Y . Without a loss of generality, we may assume that U refines 
V. By proposition 13.41 the restriction Q/U of ^ to [/ is a Z-collection in U and the 
restriction of / to Z (1 f~^{U) is a Z(^/[/)-embedding into U. By theorem 12.41 and by 
theorem 12.161 U is an A/'„-space and Q/U is an A/'^-collection, hence by theorem 13. 9[ 
there exists a W-approximation g of f\f-i{u) rel Zn/~^(t/) by a closed embedding into 
U such that g~^{Gi) = f~^{Gi) for each i E I. By lemma [2.381 and by the choice of 
hi, the map g U f\f--i-(u) is a closed embedding into U and is V-close to /. □ 

Lemma 9.4. Let a finite collection JF of subsets of an Mn-space X be both an Mn- 
collection and a Z-collection. Then every Z{J^)-set A (Z X that fits T has arbitrarily 
small closed Mn-neighborhoods B that fit JF. Moreover, we may require that T re- 
stricted to B is both a Z-collection and an Mn-collection of subsets of B. 

Observe that we do not assume above that A is an A/^n-space. 

Proof. The proof is by induction on the cardinality of T. Assume that T is empty. 
We have to prove that if A is an absolute extensor in dimension n and a Z-set in X, 
then it has arbitrarily small closed A^i-neighborhoods that are absolute neighborhood 
extensors in dimension n. Fix an open neighborhood \J oi A and let V be another 
open neighborhood of A whose closure lies in U . By lemma 12.91 and by remark 12.401 
there is a closed A/'n-neighborhood B oi A with a property that every partial map 
from an n-dimensional Polish space into B extends over the entire domain to a map 
into V . By theorem I2.15[ there exists a closed embedding f : B ^ z/". By the 
choice of B, there is an extension g: V oi f~^. By corollary 13.71 there is 

an approximation h oi g within an A/^n-cover {X, B} by a closed embedding with 
image disjoint from A. By Whitehead's characterization and by lemma 12.211 if the 
approximation is close enough (which we assume), then the inclusion of h{f{B)) 
into B is an n-homotopy equivalence. Consider a space G = B L\h{f(^B)) hi^u"^), a 
disjoint sum of B and h{v^) glued along h{f{B)). By corollary 13.81 it is an A/'n-space. 
By lemma I2.24[ it is an AE{n)-spa.ce. Let i: G ^ B denote a map induced by 
inclusions B G X and C X. It is an embedding on some neighborhood of A. 

Hence, by proposition 12.391 it can be approximated by a closed embedding rel some 
neighborhood of A. The image of this embedding is a closed A/'„-neighborhood of A 
that is an yli?(n)-space. We may assume that both approximations done above are 
close to the identity, so this image lies in U. The basis step of induction is done. 
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Let JF = fix j G /, let J = / \ {j} and assume that the theorem is proved 

for collections of cardinality J. Fix a pair of open neighborhoods U^V oi A as above. 
Let JF' = {Fjjjgj. By the inductive assumption, there is a closed A/^-neighborhood 
B' of A in X that fits T' and lies in V . Let T" = {Fi fl Fj}i^j. Since ^ is both a 
Z-coUection and an AAn-collection, J-^' is a Z-coUection and an AA^-collection in Fj. 
Since A is a Z(^)-set, A fl Fj is a Z(jF'')-set. By the inductive assumption, there is a 
closed A/'n-neig hborhood B" of An Fj in F^- that fits and lies in Fj (1 Intx B'. Let 
B'" = B' Ub" Fj be a disjoint union of B' and F^- glued along B". Let /: fi'" X 
be a map induced by inclusions on B' and Fj. By the assumption that JF is a Z- 
coUection, Fj is a Z(jF')-set. By the construction, / is an embedding on an open 
neighborhood of A. By lemma 19.31 applied to a Z-coUection J-'', map / and a set 
Fj C B'" (/ restricted to is a Z(jF')-embedding), there exists an approximation of 
/ by a closed embedding g that is equal to / on an union of Fj with a neighborhood 
of A and that satisfies equality g"^{Fi) = f~^{Fi) for each i & J. Let B = g{B'). It 
is a closed A/'n-neighborhood of A. We will show that it fits and that the restriction 
of ^ to 5 is both a Z-coUection and an A/'n-coUection in B, thus ending the inductive 
step. 

By the construction, B' fits JF' and the restriction of JF' to B' is both an A/'n- 
coUection and a Z-collection. Hence by lemma applied to an embedding g\B', B 
fits JF' and the restriction of jF to 5 is both an A/'n-coUection and a Z-collection. Let 
J be a subset of / such that j e J. We have Fj n B = {Fj n B) n Fj = B" n Fj. 
Since by the construction B" fits JF", the intersection B" fl Fj is an /lF(n)-space and 
so is B n Fj. Hence B fits the entire collection JF. Again, by the construction JF" 
restricted to B" is an A/'n-coUection, hence the entire collection JF restricted to B is 
an A/'n-coUection. To see that this restriction is a Z-collection in B observe that B" 
is a Z-set in B (because Fj is a Z-set in X and B" is a closed subset of Fj that lies 
in the interior of B), T" is a Z-collection in i?" (by the construction) and JF' is a 
Z-collection in B (by lemma [22]) • D 

9.3 Patching of holes 

Lemma 9.5. Assume that B is a closed Mn-suhspace and a Z-set in an Mn-space X. 
If A is a k- dimensional simplex embedded in X such that (9A = A fl 5 and N is 
an open neighborhood of A, then there exists a closed (in X) Mn-subset A of N such 
that A n B is an Mn-space, A C A and the inclusions dA G An B and A G A are 
n-homotopy equivalences. 

Proof. Let 6 G i^" be a standard /c- dimensional simplex isometrically embedded into a 
/c- dimensional hyperplane that lies in z/". Fix an e > and let U = {x G u^: d{x, 6) < 
e} and V = {x G u^: d{x,dS) < e}. Assume that e is so small that the inclusion 
dS G V is an n-homotopy equivalence (cf. proposition 12.271) . The inclusion 6 G U 
is also an n-homotopy equivalence. By corollary 12.371 apphed with D = 6 \ d6, the 
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inclusion V C U can be approximated leldS by a closed embedding g: V U 
with image disjoint from 6 \ 85. Let C = g{V). Since the inclusion 86 G V is an 
n-homotopy equivalence, the inclusion g{86) = 86 C C = giV) is an n-homotopy 
equivalence. Therefore, by theorem 12.231 there is a retraction C —>■ 86. Since 6 is 
an absolute extensor and 6 (IC = 86, this retraction can be extended to a retraction 
r: U ^6. Note that by the construction, r{C) C 86. Let H: 6 A be any 
homeomorphism. By theorem 13. 6^ {H or): U ^ A can be approximated by a closed 
embedding h: U ^ X Tel6 such that h{C) C B. By the assumption that i? is a 
Z-set, and by corollary 12 . 3 71 applied with D = B\h{C) and TelFU6, we may assume 
that h{C) = h{U) n B. Observe that A C h{U), 8 A C h{C) = h{U) n B and 
these inclusions are n-homotopy equivalences. Hence letting A = h{C) finishes the 
proof. □ 

Remark 9.6. Assume that A, A and B are closed subsets oi AU B such that A, 
A, B and their intersections are at most n- dimensional AA^£'(n)-spaces. If inclusions 
8 A d A r\ B , A d A hold and are n-homotopy equivalences, then the inclusion 
AVJ B <Z AVJ B is aji n-homotopy equivalence. 

Proof. By corollary 12.251 applied with X = A, Ai = A and A2 = ACi B, the inclusion 
A U {A n B) C v4 is an n-homotopy equivalence. Hence, by lemma 12.241 applied 
with Ai = A U B and A2 = A, the inclusion A U B cAU-Bisan n-homotopy 
equivalence. □ 



Chapter 10 
Core of a cover 



Our goal is a proof of theorem 16.71 and we will attain it by "patching of holes" in 
a cover. In this chapter we introduce the notion of an n-core of a cover that aids the 
"patching" process and allows us to control it. 

Definition. Assume that T = {Fjjjg/ is a cover of a space X. A pair {K, /C) con- 
sisting of an at most ra-dimensional locally finite simplicial complex K embedded as 
a closed subset of X and of an interior cover /C = {i^jjjg/ of K by subcomplexes 
is an n-core of T if for every J d I the inclusion Kj C Fj holds and induces an 
n-homotopy equivalence. If additionally K is equal to JF on then we say that the 
core is exact. We shall say that K is an exact n-core of JF if (fC, {Fj fl K^nzi) is an 
n-core of JF. 

Observe that the conditions of the above definition imply that collections JF and 
/C must be isomorphic, because the empty space is not n-homotopy equivalent to an 
non-empty space. 

Definition. Let JF be a cover of a space X, let {K^ /C) be an n-core of T and let 
U be an open cover of X. We say that a cover ^ of X is a U- deformation of T 
with fixed {K, /C) if {K, K,) is an n-core of Q and if Gi is a subset of sin Fi for each 
pair of corresponding elements E and Gi G Q (note that JF and Q must be 
isomorphic because they have the same n-core) . Sometimes we shall write that ^ is a 
Z/^-deformation of JF or that ^ is a deformation of JF, if U and (-R', /C) are known from 
the context. 

Theorem IIU.II is the main theorem of this chapter. 

Theorem 10.1. Every closed star-finite interior Mn- cover T with an n-core {K,}C) 
admits arbitrarily small deformation to a closed interior Mn-cover of which {K, K,) 
is an exact n-core. Moreover, if L is a suhcomplex of K and T is equal to K, on 
K \L, then we may additionally require that the deformed cover is equal to J-" on a 
complement of arbitrarily small open neighborhood of L. 
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Figure 10.1: Sample application of theorem 110.11 

We prove it in section 110. 3[ Here we illustrate its typical usage. Consider a 
cover JF drawn on figure [TOTTT a). It contains three sets: Fi (dark one), F2 (the large 
transparent box - it contains Fi) and -F3 (light one). Note that JF is not 1-regular: 
-F3 is disconnected. We want to "patch" F3 by attaching arc ah to it. But ah crosses 
Fi and the cover {^1,^2,^3 U ah}, although it is 1-regular, is not isomorphic to T. 
Theorem 110.11 gives a solution to this problem, as follows. 

Consider a graph K = ahU cd and its cover /C = {{c}, K, {a, h}}. A pair {K, K.) is 
a 1-core of JF. Assume that ^is a closed interior jVi-cover and apply theorem llO.il to 
it. We get a cover {Fl, F2, F^} drawn on picture flO.l( b) that has {K, /C) as an exact 
1-core. Now the construction described above works: if we attach ah to F^ we get a 
1-regular cover that is isomorphic to J^. 

10.1 The existence of an n-core 

First, to show that theorem llO.ll has a point, we prove that every closed star-finite 
locally finite A/'„-cover has an n-core. To this end we introduce an auxiliary notion of 
an outer ra-core. 

Definition 10.2. Assume that = {Fjjjg/ is a cover of a space X. A triple {K, /C, k) 
is an outer n-core of J-" if 

(1) is an at most n-dimensional locally finite simplicial complex, 

(2) /C = {Ki}i^i is a cover of K by subcomplexes, 

(3) k: K ^ X is a. map such that k{Ki) C Fi and for every J G I the restriction 
of k to Kj is an n-homotopy equivalence of Kj and Fj. 



66 



Chapter 10: Core of a cover 



For example, if T is an n-regular cover and A is its anticanonical map, then the 
triple {N{J^), Sjf, A) is an outer n-core of JF. 

Lemma 10.3. Assume that T = {Fjjjg/ is a star-finite ANE{n)-cover of a space X 
and {L, C, I) is a triple that satisfies all conditions of definition \10.2\ with the exception 
that the restriction of I to Lj need not to be an n-homotopy equivalence of Lj and 
Fj. Then there is an outer n-core {K, JC, k) of such that L is a subcomplex of K , JC 
restricted to L is equal to C and k is an extension of I. Moreover, if C is an interior 
cover, then we may additionally require that K is also an interior cover. 

Proof. Let X = {J G I : Fj ^ 0}. Order X into a sequence {Jk} non increasing in 
the order by inclusion. Such ordering exists because is star-finite. By a recursive 
application of lemma [2.261 we construct a sequence of triples {Wk,yVk,Wk), starting 
with {Wo,yVo,wo) = {L,C,l), such that 

(1) Wk-i is a subcomplex of an at most ri-dimensional locally finite complex Wk, 

(2) Wfc = {Wl^}iQj is a cover of Wk by subcomplexes and 



(3) Wk is an extension of Wk-i onto Wk such that Wk restricted to Wj^ is an n- 
homotopy equivalence of Wj^ and Fj^ . 

We take K = [jWk (with the direct limit topology), k = [jwk and /C = {Ki = 
U ^tyiei- Obviously the triple {K, /C, k) has all required properties; the complex K 
is locally finite because of the assumption that is star-finite. 

Now assume that C is an interior cover. A simple modification of the construction 
described above assures that the constructed cover K, is also an interior cover. Let 
Wk-i/2 denote a complex Wk^i U C^, where Ck = W^j^^ x {0, 1} U VTj^"^^""^^ x [0, 1] 
- a cylinder taken over Wj~^ with removed interiors of n-dimensional simplices. Let 
p: Wk-i/2 Wk-i be a natural projection. Let yVk-1/2 = P~^{yVk-i) and Wk-1/2 = 
Wk-i^V- Construct Wfc, w^fc) as above, but over (W4_i/2, VVfc_i/2, instead 
of {Wk-i,yVk-i,Wk-i) and in such a way, that the closure of Wk \ Wk-i intersects 
only W^-^ X {!}. It is easy to verify that with such construction if C is an interior 
cover, then K, is also an interior cover. □ 

By proving theorem 110.51 we will show that every closed star-finite locally finite 
A/'n-cover has an n-core. 




Lemma 10.4. For each closed locally finite AN E{n)- cover = {Fi}i^j of a space X 
there exists an open cover U of X satisfying the following condition. 
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For each J G I and each map (p from at most (n — 1)- dimensional space 
into Fj = f]i ^ JFi, every map into Fj that is lA-close to ip is homotopic 
to it (in Fj ). 



Proof. By theorem 12.4( 3) for every J G I there is an open cover Uj of Fj such that 
every two Wj-close maps into Fj from at most [n — l)-dimensional Pohsh space are 
homotopic. Since JF is closed and locally finite there is an open cover U of X such 
that for every J G I the cover U restricted to Fj refines Uj. This cover satisfies our 
claim. □ 

Theorem 10.5. Let T = {Fjjig/ be a closed star-finite locally finite Mn-cover of a 
space X . Let L he a locally finite simplicial complex embedded as a closed subset of 
X. Let L = {Lj}jg/ be an interior cover of L by subcomplexes such that Li G Fi for 
each i G /. Then there exists an n-core (K^K.) of J-" such that L is a subcomplex of 
K and K, is equal to C on L. Moreover, if Z is a Z{J-')-set, then we may additionaly 
require that K\L is disjoint from Z . 

Proof. Let JF = {Fjjig/ be a closed star- finite locally finite A/'„-cover of a space X. By 
lemma 110.41 there exist an open cover lA oi X that satisfies the following condition. 

For each J G I and each map ip from at most {n — 1)- dimensional 
(*) space into Fj, every map into Fj that is U-close to (p is homotopic 
to it (in Fj ). 

Let / denote the inclusion of L into X. By lemma [10.31 the triple {L,C,l) can be 
enlarged to an outer n-core {W, W, w) of J-'. By theorem 13.61 and by remark [331 there 
exists a W-approximation of w within rel L by a closed embedding v with image 
disjoint from Z \ L. Then v\Wj is Z//-close to w\Wj so by (*), the inclusion of v(Wj) 
into Fj is an n-homotopy equivalence (see the proof of Whitehead's characterization). 
Therefore {v{W),v{'W)) is an n-core of J-'. Since v\l is equal to /, L is a subcomplex 
of v{W) and u(W) is equal to C on L. □ 

Remark 10.6. Let JF be a closed star-finite locally finite A/'n-cover of a space X. 
Let W be a cover satisfying the condition stated in lemma 110.41 Assume that {K, JC) 
is an n-core of JF, where /C = {Ki}i^j. li Q = is a W-adjustment of JF 

such that Ki G Gi for each i & I, then {K, K,) is an n-core of Q. To prove it fix 
J G I and let h : Gj ^ Fj he a. homeomorphism that is Z^-close to the identity. The 
inclusion of h{Kj) into Fj is U-dose to the identity on Kj, hence it is n-homotopic 
to it. Therefore the inclusion of Kj = h~^{h{Kj)) into Gj = h~^{Fj) is a weak 
n-homotopy equivalence. 
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10.2 An n-core of a limit of a sequence of defor- 
mations 

The purpose of this section is to prove an analogue of proposit ion 14 . 3 1 f or sequences 
of deformations. Observe that, even if deformations are done on a discrete family of 
open subsets, the limit of the sequence doesn't have to be a deformation of the original 
cover. Figure [To. 21 gives an appropriate example: the singleton K is weak 1-homotopy 
equivalent to the set F„ obtained from Fq by disconnecting n "bridges" . But it is not 
weak 1-homotopy equivalent to the set that we get in the limit of this construction, 
because F^a = {^F^is disconnected. 




Figure 10.2: K is not a 1-core of Foo = f^-^r 



Lemma 10.7. Let {Um\m>i be a discrete family of open subsets of a space X and 
for each m let Vm be an open subset of Um- Let Tm (m > 0) be a closed star-finite 
locally finite Mn-cover of X\ IJfc>m and assume that Tm 's are pairwise isomorphic. 
Assume that Tm-\ is equal to Tm on X \ Um and that it is a shrinking of Tm on 
Urn \ Kn- ^ {K , K) is an n-core of J^m for each m, then it is an n-core of\\mrn~>oo ^m- 

Lemma 110.71 is a direct consequence of the following lemma. 

Lemma 10.8. Let {Um\m>\ be a discrete family of open subsets of a space X and 
for each m let Vm be an open subset of Um- Let Tm (m > 0) be a closed star-finite 
locally finite Mn-cover of X\\Jj^^^ Vk and assume that Tm 's are pairwise isomorphic. 
If is equal to Tm-\ on the complement ofUm, then T = limm_^oo^m is a closed 
star-finite locally finite Mn-cover of X. Assume that Tm is a swelling of Tm.-i on 
Um \ Vm and let {Km.KLm) be an n-core of Tm, where Km = U I^m.~i is 

a subcomplex of Km, KLm-i is a shrinking of Km and K = [jKm is a locally finite 
complex embedded as a closed subset of X , then {K, JC) is an n-core of T, where 
IC = {K,},^i andK, = [j^^^Kr. 

Proof. To prove that JF is a closed locally finite A/'„-cover of X it is sufficient to 
observe that the sequence Tm stabilizes locally and consists of closed locally finite 
A/n-covers. Also T must be star-finite because J-^'s are pairwise isomorphic. What 
is left is to check that {K, fC) is an n-core of T. Let Tm = {-^i™}iG/ and T = {Fi}i^i 
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where Fi = f]j |J^>j Fj'. Fix J G L By the definition it is sufiicient to prove that the 
inclusion of Kj into Fj is a weak n-homotopy equivalence. 

Fix k < n and a map ip: S'^ ^ Fj. Since is compact imip intersects only finitely 
many t/m's so there is M such that im^? fl Um = for every m > M. Therefore if is 
homotopic with a map into Km n Ff in \ U^>a/ K«. But \ U^>m C Fj 
and Km H Fj^ C A' fl Fj so the inclusion induces epimorphisms on homotopy groups 
of dimensions less than n. 

Fix a map ip: S'^ K (1 Fj and assume that it has an extension <P : D^^^ — > Fj. 
By compactness and local finiteness of K there is M such that im(/? C Km and 
im^ C Fj\\j^^j^,^ Um C Fj"^. But Km is a core of Tm therefore ip must be contractible 
in Km H Fj^. But Km H Fj^ C -ft' H Fj so the inclusion induces monomorphisms on 
homotopy groups of dimensions less than n and we are done. □ 



10.3 Proof of theorem 110. 1 



Let K he & locally finite simplicial complex embedded as a closed subset of an 
A/'„-space X and let L be a subcomplex of K. Let Ul be an open neighborhood of 
L. Let K, = {Ki}i(zj be an interior cover of K by subcomplexes. Let JF = {Fjjjgj 
be a star-finite interior A/'n-cover of X such that {K, /C) is an n-core of JF. We fix a 
triangulation t oi K such that for each simplex 5 in r there exist i and j in / such 
that S C Intx Fi (this is possible because is an interior cover) and 6 C Inti^ Kj 
(if a triangulation does not have this property, it suffices to take its first barycentric 
subdivision, because /C is an interior cover). Let tl be a subset of r that contains 
simplices of L. 

For each / G {0, 1, . . . , n + 1} and m G {0, 1, ... , oo} we let Ti m = {-^/'™}je/ 
denote a collection (not yet defined) of subsets of X. Let (l/,m), (2z,m), (3;,™) and 
(4^'^) denote the following statements, with 0</<n + l,0<m< oo, 5 G r and 
i G F 

(l^^m) -^/,m is a closed star- finite interior A/'n-cover of X. 

(2i,m) (A', /C) is an n-core of J-'i^m- 

(Si^m) For each 5 G r there is i G / such that S C Intx F/'™'. 

(<i) 5clnt^ir,^5clntxi^''"^. 

On a very general level, the proof is organized as follows. We let J^o,o = ^ and 
construct !Fi^m recursively. In (/, m)th step of the construction, with < / < n + 1 
and < m < cx), we construct a collection J^i^m+i- If / < n -|- 1, then J-'i^m+i is 
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a deformation of J^i^m with fixed n-core {K,}C). If / = n + 1, then Ti^m+i is an 
adjustment of J-'i^m- In ^th hmit step of the construction, with < / < ?i + 1, we let 
^i,oo = hmm^oo-^i,m- We also let J^i+ifl denote J^i^o for each < / < n + 1. The 
collection J^n+i,oo shall satisfy the assertion of the theorem. 

A general constraint on the construction is that conditions (lz,m), (2;,m) and (3/,m) 
are satisfied for all / and m. Observe that (lo,o)) (2o,o) and (3o,o) are satisfied by the 
assumptions of the theorem (we did let JFq q = JF) . 

The first part of the proof includes the first n + 1 limit steps (i.e. the construction 
of ^0,00,^1,00 up to Tn,oo)- In /th limit step of the construction, with < / < n, 
we construct a cover Ti^oo that satisfies (4^'^) for each at most /-dimensional simplex 
5 E T and each i E I. K general constraint in the first part of the construction is 
that in its (/, m)th step, with < / < n and < m < oo, the fourth condition is 
preserved, i.e. the implication (4^'*J ^ i^fln+i) is true for each at most /-dimensional 
simplex 5 of triangulation r and each i E I. The first part of the proof concludes 
with a construction of J-'n,oo that satisfies (1^,00)5 (2n,oo)5 (3„,oo) and, for each 6 E t 
and each i E I, {4:f^^oo) (no other property of J^n,oo is important in the second part of 
the proof). 

The second part of the proof includes the last limit step. It starts with a cover 
= ^n,oo satisfying (l„+i,o), (2„+i,o), (3„+i,o) and (4^'!^i o) ^^r each Set and 
i E I. A cover {Kn}m>o of K, consisting of open subsets of X, is picked and in 
[n + 1, m)th step of the construction an adjustment relX \ Vm of J^n+i,m is done in 
such a way that J^n+i.m+i is equal to /C on Vm- Under some additional constraints, 
the limit cover Tn+1,00 = linim-»oo ^n+i,m. satisfies the assertion of the theorem. 

First part. 

In /th limit step, with < / < n, we shall take Ti^oo = linim->oo ^i,m and argue 
that {K, JC) is an n-core of J?i,oo- To this end we shall apply lemma [10. 7[ To be able 
to do that we must construct an auxiliary n-core of JFg that is disjoint from K. We 
start with its construction. 

Let K' = K X {0,1}U x [0, 1] and let p: i^' A' be a projection along 

[0, 1]. By theorem 13.61 there exists an approximation p: K' ^ X of p within JFq q 
lelK X {0} by a closed embedding. Let L = p{K x {!}) and M = p{K'). Note that 
K = p{K X {0}) C M. Let C = {L^jig/ and M = {Mijig/, where Mi = p{p-\Ki)) 
and Lj = Mj n L. Note that (L, C) and {M,Ji4) are n-cores of J^o,o and L is disjoint 
from some open neighborhood of K. Also note that if Mi G F^' for some < I < n 
and < A; < 00, and each i E I, then (L, C) is an n-core of JF; ^ if and only if {K, /C) 
is an ra-core of Ti^k- 

Let Sq,6i, ... be a sequence of all 0-dimensional simplices of tl- Let = {i E 
1 : 6k C Intx-Fj°'°}. Fix an open neighborhood Uk of 6k in X whose closure lies in 
the interior of Fj'^ and meets only those simplices of K that contain 6k- Without 
a loss of generality we may assume that {Uk} is a discrete family and each Uk is 
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disjoint from L. Let hk'- Uk — ^ Uk be an approximation of idu^ within JFqo by a 
closed embedding with image disjoint from 5^- We assume that the approximation is 
such that hkUidx\Uk is a closed embedding (see lemma ICTi) . We let Vk = Uk\hk{Uk). 
Note that the choice of sets Vk will be important only when passing to the limit and 
for now the reader may think that Vk = Uk- 

We are going to construct a sequence ^0,15-^0,2, • • • in such a way that the following 
conditions will be satisifed for each A; > 0. 

(5fc) jFo fc is a deformation of J-'o,k-i relX \ Vm, for m such that 2m < k < 2m + 2, 
(6fe) Mi is a subset of F^'^ for each z G /. 
(72fc) the condition (4Q'°2fc^'*) is satisfied, 

Also, as we stated in the introductory part of the proof, for each m conditions (lo,m), 
(2o,m) and (3o,m) will be satisfied and the fourth condition will be preserved in each 
step of the construction. 

Assume that we already constructed J-'o^i, J^o,2, ■ ■ ■ , ^o,2k- Let Fj = n Vk and 
J'l^ = {i E I \ Jk'- n \4 7^ 0}. By star-finiteness of J^o,2k, the set J{. is finite. 
By lemma there exists an adjustement of a collection {Fjjjgj/^ to a Z-collection 
that is equal to {Mjjjgj/ on M fl V^. Let 



By lemma H?T| if the adjustement was small enough (which we assume), then the 
collection JFo 2fc+i is an adjustment of J-'o,2k relX \ Vk. Therefore J?-o,2fc+i is a closed 
star-finite ATn-coUection. It is an interior cover because the adjustment was done with 
fixed Jk rel X \ Vfc and the closure of Vk lies in the interior of Fj'^'' by the definition 
of Uk- By remark [10. 6 1 if the adjustement was small enough (which we assume), then 
the condition (2o,2fc+i) holds. Condition (3o,2A:+i) is satisfied and the fourth condition 
is preserved by the construction, because the closure of Vk is disjoint from every 
simplex not containing 6k and if 61 D 6k, then Ji C Jk and the adjustement is done 
with fixed Jk- The condition (52A;+i) is satisfied because ^o,2fc+i is an adjustement 
relX \ Vk of J^o,2k and {K,}C) is its ra-core by (2o,2fc+i)- The condition 62k+i follows 
from the construction of {-F/jieJ^- Note that there is no condition (72fc+i) to check. 

By lemma 19.41 there is a closed (in X) A^n-neighborhood Ak of 6k that lies in Vk 
and such that for each C J^, (hence for each Jj! C /) the intersection Ak fl F^'if^^^ 
is an {AE{n) fl A/'„)-space. Let 



The collection JFo^2fc+2 is Arn-coUection by corollary 13.81 hence (lo,2fc+2) is satisfied. By 
lemma [2^241 the pair {K,)C) is its n-core (we assume that Ak is so small that J-'o,2k+2 
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is isomorphic to J^o,2fc+i)- Hence (2o,2fc+2) is satisfied. Conditions (82^+2) and (62^+2) 
are satisfied and the fourth condition is preserved, because F^^^^ C ^^^+2 
i E I. The condition (52^+2) is satisfied by (2o,2fc+2) and because is a subset of V^. 
By the choice of A^, {,'^Q2k+2) i^ satisfied for each z G /, hence (72/0+2) is satisfied. 

Let J^o,oo = hmfc^oo^o,fc- We are going to show that (lo,oo), (2o,oo), (3o,oo) and, 
for each 0-dimensional simplex 5 G r and each i E I, (4q*^) are satisfied. Since the 
sequence J^o,o, ^0,1, ■ ■ ■ stabihzes locally and (lo,fc), (3o,fc) and (72^) hold for each k, 
only verification of (2o,oo) needs an argument. What we have to show is that {K, /C) 
is an n-core of ^0,00 • Let Hk : X X he a. closed embedding defined as the identity 
on X \ |J;>^ Ui and by the formula Hk{x) = hi{x) for each x E Ui with / > k. Let 

= {Gfjie/ and let = Hk{F-'^ )■ Observe that is a closed interior A^i-cover 
of X \ IJi>fc ^ (L, C) is its n-core. Also, Qk is equal to Qk-i on X\Uk and Qk-i 
is a shrinking of Qk on Uk \ Vk- By lemma [TO. 71 (L, C) is an n-core of limfc_^oo Qk- But 
limfc^oo^fc = linifc^oo -^o.fc, so {L,C), and also {K,IC), is an n-core of JFq^oo- 

Now we are going to describe a similar construction for simplices of dimension 
/ > 0. It presents additional difficulty because simplices of positive dimensions have 
non-empty boundaries. 

Let < / < n and assume that we already constructed JF^ q and (l/,o), (2/,o), (3i,o) 
and (4^0) are satisfied for each at most (/ — l)-dimensional simplex 5 E r and each 
i E I. Let 6o,Si, . . . be a sequence of all /-dimensional simplices in tl. For each k let 
be a shrinking of 6k, by a homothety with a ratio close to 1 and with a center equal 
to the barycenter of 6k, such that the following conditions are satisfied with m = 0. 

(8) {6').} is a discrete collection in X, 
{9 J if 6k C Int^ Ki, then Clx(4 \ 6',) C Intx F^'"". 

The last condition can be satisfied because by the assumption every proper face 6 of 
6k satisfies (4^q) for each i E I. 

Let Jk = {i E 1 : 6k C Intx F-'^}. For each k fix an open neighborhood Uk of 
6'/. whose closure lies in the interior of Fj^^ and is disjoint from every simplex of r 
that is disjoint from 5^. Without a loss of generality we may assume that {Uk} 
is a discrete family in X and each Uk is disjoint from L. Define Vk in the same 
manner as in the 0-dimensional case. Let 4 = {z G / \ Jk-. F^'" nVk 0}. Let 
Jk = {i E J'j^: 6k C IntK Ki}. Let niQ = and m^+i = nik + 4| J^l, where \ Jk\ denotes 
the number of elements of Jk (the set Jk is finite because J-'i^q is locally finite). For 

each k order Jk into a sequence ikiili ■ ■ ■ > ii'^*''"^- 

We are going to construct a sequence J-'i^i, JF; 2, ... in such a way that the following 
conditions will be satisfied for each > 0. 

(lOfc) J^i^k is a deformation of J-'i^k-i relX \ V^, for m such that < k < m^+i, 
(llfc) Mj is a subset of F/'^ for each i E I, 
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{12k^m) the condition {^i^ml+im+A) satisfied, where < m < | J^l- 

Also, for each m, conditions (l/^m), (2;,™), (3;,m) and (9^) will be satisfied and the 
fourth condition will be preserved in each step of the construction. 

Fix < A; < oo and < m < | Jfc| and let m = + 4m. Assume that we already 
constructed Ti^m- Let j denote j™. We shall construct covers JFq m+i, • • • , ^o,m+4- Our 
goal is to meet condition (12^ ^) and verify that other conditions specified above are 
satisfied. Let 5k be a shrinking of 5^ by a homothety with a ratio less than 1 and a 
center equal to the barycenter of 5'^, such that (9m) is satisfied with 5k substituted for 
5'f^. Let J = {i & J'k'- i 1^ 3k) ^ — ''^} and let Vk be an open neighborhood of 5k, whose 
closure lies in the intersection of {Vk \ 5k) U \ d5'f?j with Intx Fj^^^q, ^^^y Let m' 
be an integer greater than or equal to m and less than m + 4. We shall construct 
^i,m'+i as a collection equal to J'l^m' on relX \ Vk and such that i^'-'^'+i = i^''™' for 
each i E Jkl-i {Jl- 1 < f^^}- This way, the condition (9m'+i) will be satisfied and the 
condition (lOm'+i) will follow from (2i m'+i)- 

Let P = Vfc n Intx Pj'""- Consider a collection {Pj^gj, where P^ = i^''"' n P. By 
lemma it can be adjusted to a Z-coUection {P/j^gj that is equal to {Mi}.^j on 
MnP. Let 

Flvj {Fl:- \P) ^ e J 
' \ Fl'"' iel\J. 

As before, if we assume that the adjustement is small enough, then conditions (li^m+i), 
(2;^m+i), (3i,m+i) and (llm+i) are satisfied and the fourth condition is preserved. By 
our earlier remark, (9m+i) and (lOm+i) are satisfied as well. 

Let VI be an open subset of Vk such that Clx Vfc'nClx(4\4) = and V^'UP = Vk- 
Consider a collection {Pi}jgju{j} such that Pj = F'>"*+i n V^. By lemma W7[\ it can 
be adjusted to a Z-collection {P/}jgju{j} that is equal to {^i}jgju{j} on Mfl V/. Let 

^z,™+2^ r FlVJ{Fl'-'''\Vl) JU{j} 

Again, if the adjustement is small enough, then the collection satisfies all 

prescribed conditions. We claim that the following conditions are satisfied as well. 

(13) {Fl:-^^nVk},^ j is an A/'„,-collection and a Z-collection in Vk, 

(14) pi pi Pj'™"*"^} -gj is an A/'„-collection and a Z-coUection in Vk fl ^j-'^^^^ 

(15) Clx(4\4) ClntxP,'''"^'. 

By the construction, {P/''"'^^}jgj is equal to on fl M, so 5k fits {P/'™''''^}jgj 
and by (13) H f^j^g J is a Z- and A/'„-collection in Vfc. Hence, by lemma [931 

there is a closed (in X) A4-subset Ak of Vk that fits {_p^''"+^ n Vfcjjgj and such that 
5k C Intx Afc and {P/'™''^^}jgj restricted to Ak is both a Z- and an ACi-coUection. 
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Observe that by the choice of and J, fits n Vk}i&i,i^j- By lemma W72\ 

we may adjust Ak to a closed (in X) A/'n-subset A'^ of Vk such that fl 5^ = 5k, 
5k\d6k C Intx and {F^'"^~^'^}^^J restricted to A'^ is both a Z- and an A/'„-collection. 



Let Wk = {F.'""^' n Intx A^) U (A^ n Intx F-'""^'). It is an open neighborhood of 6k 
in A'l^ n F^'"^^"^ and it is an AT^-space. By (14) and by lemma 19.41 there is a closed 
AA^-subset Bk of Wk that fits |_p^''™+2 n and such that 5k C Int^yj. -Bfc. If it 

is small enough, then it is closed in X. Let Wl be an open subset of Vk such that 
Wl n {A'k n = (A'fc n \ Bk and Clx IV^ n 5fc = 0. By lemma MM we 

may adjust A'^, and relX \ VT^ to obtain sets A'l. and such that J?-/ „i+3 

defined in the following way 

i y pi,m+2 , g J and ^ ^ J. 

is an adjustment of Observe that A'l fits J-'i^m+s, because its intersection with 

jpi,m.+2 .g gq^a^j Observe that 6k \ dSk C Intx A'l and the restriction of J^i^m+i 

to A'l is an A^-cover. By the construction, Clx 6k\6k C Int A'l. 
Let 



i 1 T-i/,m+3 



^ ' ^ e / \ 4- 

Since 5/,- C Intx u Intx A'/, (12fc^m) is satisfied. Verification of other condi- 

tions is similar to the verification done in the previous steps. 

The limit argument is similar to the 0-dimensional case. Let Ti^oo = hm^^oo -^i,*:- 
We are going to show that (l^^oo), {%,oo), (3/,oo) and, for each at most /-dimensional 
simplex 6 E t and each i E I, (4^^) are satisfied. Since the sequence J-'ifi, J-'i,!, ■ ■ ■ 
stabilizes locally and (l/,fe), (2;,^) and (12^ ^) are satsified for all k and m, all we have 
to show is that {K, K) is an ra-core of Ti^oo- Let Hk'. X X he a. closed embedding 
defined as the identity on X \ IJi>fc Ui and by the formula Hk{x) = hm{x) for each 
X eU^ with m>k. Let Qk = {G^}i&i and let = Hk{F-''^''+'). Observe that Gk is 
a closed interior A/'n-cover of X \ Um,>fc and {L, C) is its n-core. Also, Qk is equal 
to Qk-i on X \ Uk and Qk-i is a shrinking of Qk on Uk \ Vk- By lemma [TOTTl {L, C) is 
an n-core of limfc_^oo ^fc- But limfc^oo^fc = hmfc^oo^«,fc, so {L,C), and also {K,}C), is 
an n-core of J^ioo- 



Second part. 

In the first part we constructed a closed interior A^^-cover J-'n,oo of ^ that satisfies 
conditions (In^oo), (2n,oo)5 (3n,oo) and (4^'*^^) for each 6 E t and i E L By the 
construction, Tn,oo is equal to JFq q on the complement of an open neighborhood Ul of 
L. Let U be an open cover of X satisfying conditions of remark [10. 61 If J^n+i,oo is a U- 
adjustment relX\?7L of J-'n,oo to a closed interior A/'n-cover such that Ki = Kr\F^^^'°° 
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for each i G /, then, by the choice of U, {K, fC) is an exact n-core of J^n+i,oo- We shall 
construct such J-'n+i,oo^ finishing the proof. 

Order tl into a sequence {5k}k>i non decreasing in the order by inclusion. Let 
Jk = {i & I '■ Sk CI Intx Ki}. By the choice of r made at the beginning of the proof, Jk 
is non-empty for each k > 1. Since J-'n,oo satisfies (4^'^^) for each k > 1 and each i e /, 
the inclusion 6k C Intx holds for each k (this is the crucial property obtained in 
the first part of the proof). Therefore there exists a locally finite collection {Vfc}fc>i of 
open subsets of Ui such that L C IJfc>i ^ ^^e following conditions are satisfied 
for each k. 

(16) KnVkCKj^, 

(17) if Clx Vi intersects Clx Vk, then either 6i is a face of 6k or 6k is a face of 6i, 

(18) Clx^fcClntx^X'"- 

Let J-'n+i,o = J^n,oo- Let Uk be a sequence of open covers of X obtained via 
lemma 14.31 applied to a locally finite collection {Vfc}fc>i and an open cover U. We 
recursively define a sequence J-'n+i,k of closed interior A^n-covers of X such that the 
following conditions are satisfied for each A; > 1. 

(19) J-'n+i,k is a Wfc-adjustment of J^n+i,k-i relX \ Vk with fixed Jk, 

(20) J^n+i,k is equal to /C on K fl |Ji<fc Vi- 

Fix k > 1 and assume that we already constructed J^n+i,k-i- First, we claim 
that the inclusion Clx C Intx -^j*,^^'' holds for each < I < k — 1. The proof 
is by induction on /. The basis step of induction (/ = 0) follows directly from (18) 
and the identity J-'n+i,o = ^n,<x>- Fix I > and assume that we already proved that 
Clx Vk C Intx Pji^^' By (19), J-'n+i,i is an adjustment of Tn,i-\ relX \ VJ, hence if 
Vi is disjoint from ClxVk, then Clx Vk n Intx ^j,^^''"^ = Clx 14 n Intx i^j,^^'', hence 
Clx Vk C Intx F^^^'^ ■ If Clx Vi intersects V^, then by (17) and by the assumption that 
the sequence {5^} is non-decreasing in the order by inclusion, 6i is a face of 6k- In this 
case, Jk is a subset of Ji by the definition. By (19), Tn+\,i is an adjustment of Tn.i with 
fixed Ji, hence Intx -Fj^^^' = Intx -Fj^,^^' ~^ and the inclusion Clx C Intx -Fj)^^' 
follows from the inductive assumption. The inductive step is done. In particular, we 
have proven that Clx Vk C Intx ■ 

By lemma inm there exists an adjustment of a collection p Vk\i^i\j^, of 

subsets of Vk to a Z-collection that is equal to {i^'jfl Vfc}ig/\jj. on K^Vk- By lemma |4?T| 
we may require (and we do) that the adjustment is so small, that it extends to an 
adjustment relX \ Vk of to a closed A/'n-collection of subsets of X. 

We let Tn+\,k be a union of this collection with the collection {F"+^'^~^}jgjj.. Observe 
that ^n+i,fc is a Z^fc-adjustment of Tn^\,k-\ relX \ Vk with fixed Jk directly from the 
construction. It is a closed interior A/'n-cover of X because Clx Vk C Intx F^~^^'^. 
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Hence (19) is satisfied. To see that J^n+i,k satisfies condition (20) recall that by (16), 
n Vfc C Kj,, hence F^^^'^ nVk = Ki^Vk for each i e Jk- Hie I\ Jk, then 
pn+i,k pi pi = . pi ^ directly from the construction. 

Let Tn+i,oo = linifc^oo ^n+i,k- By the choice of UkS, it is a W-adjustment of J-'n+ifl- 
Since the collection {V^} is locally finite, J^n+i,oo is a closed interior A/'„-cover. By 
the choice of L(, {K,]C) is an n-core of J^n+i,oo- By (20), by the assumption that 
L C |Jfc>i and by the assumption that J^n+i,o is equal to JC on K \L, {K, K) is an 
exact n-core of J^n+i,oo- The cover J^n+i,oo is equal to JFq q on the complement of Ul 
directly from the construction. We are done. 



10.4 Retraction onto a core and a proof of theo- 
rem 16.17 



We shall now obtain theorem 16.171 as an easy corollary of the results obtained 
earlier in this chapter. 

Lemma 10.9. If K is an exact n-core of a closed star-finite locally finite ANE{n)- 
cover T of an at most n- dimensional space X, then there exists a retraction of X 
onto K that is T-close to the identity. 

Proof. Let JF = {Fi}i^j and for each non-empty J C / let Fj denote, as usual, the 
intersection HiGJ-^*- "^i' be subsets of /. Assume that Fj^ is non-empty. We 
will show that the inclusion of Fj^ fl {K U UieJi -^*) ^^^"^ ^■^^ ^ weak n-homotopy 
equivalence. Without a loss of generality, we may assume that Ji is disjoint from 
J2 and that all elements indexed by Ji intersect Fj^. By the definition of an exact 
ra-core, for each i E I the intersection of Fi with i^' is a subcomplex of K. By the 
assumption that JF is an ANE{n)-coveT, for each non-empty J d I the intersection 
Fj is an y4A^i?(?7.)-space. By the assumption, JF is closed and locally finite, hence 
theorem |2 . 71 implies that Fj^ fl (KU |J-gj^ Fj) is an ylA^£'(n)-space for each Ji and J2. 
Fix J2 such that is non-empty and assume that the assertion is already proven 
for all J C / such that J2 ^ J and Fj ^ ^ (there are only finitely many of such 
J's as JF is star-finite). Let Ji be a subset of / that is disjoint from J2 and is such 
that elements indexed by Ji intersect Fj^. Again, there are only finitely many of 
those. We shall prove the assertion by an induction over the cardinality of Ji. By 
the assumption that K is an exact ra-core of JF, the inclusion of -R' fl Fj^ into Fj^ 
is an ra-homotopy equivalence. By Whitehead's characterization, this inclusion is 
a weak n-homotopy equivalence. Hence the assertion is verified for Ji = 0. Let 
Ji 7^ 0. Fix j G Ji. We assumed that Ji is disjoint from J2, so j ^ J2- Let 
Ai = Fj.^ ^ U UieJi i^'j^^^ ^2 = Fj^ n Fj. As we argued earlier, both Ai 
and A2 are /lA^£'(n) -spaces. By the assumption, X is at most n-dimensional, and 
so are Ai and A2. By the inductive assumptions, the inclusions Ai fl A2 C A2 and 
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Ai C Fj^ are weak n-homotopy equivalences. Hence by corollary \2.25\ the inclusion 
C -Fjj is a weak n-homotopy equivalence. This is the assertion that we wanted 
to prove. 

By theorem l2.23l for each J C / such that Fj is non-empty there exists a retraction 
rj: Fj Fj n {K U UieA^ Let J = { J C / : Fj 7^ 0}. Order J into a sequence 
{Jk}k>i non decreasing in the order by inclusion. Such ordering exists because J-' is 
point finite. Let ro be the identity on X. Let : Ui6/\jfe -^jUfCUFj^. UiG/\jfe -^iUK 
be a map defined by the following equation. 



rk 



rj^(x) X e Fj 

X xeKU U,e,y, F,. 



Obviously each is a contiuous retraction and rk{Fi) C Fi for each i ^ L By the 
order of J^'s for each a; in X the sequence of compositions ri, r2 on, ... is well defined. 
By star-finiteness of it stabilizes for each x after finitely many steps. Hence the 
limit 

r(x) = lim rfc o ■ ■ ■ o r2 o ri{x). 

fc— >oo 

is well defined for each x in X. It is a retraction that we were looking for. □ 
Proof of theorem 6.17 . Let U be an open cover of an A/'n-space X. By [T8l theorem 



5.3.10] and the fact that every separable metric space is strongly paracompact, there 
exists a closed star-finite locally finite cover of X that refines U. By theorem 14.51 it 
has a closed star-finite swelling to an interior A/'n-cover ^refining U. By theorem ll0.5[ 
has an ra-core {K,]C). By theorem 110. ![ JF can be deformed to a closed star-finite 
interior A/'n-cover Q, which refines U and has an exact n-core K. By lemma 110. 9[ 
there is a retraction r: X ^ K that is ^-close to the identity. It satisfies assertion of 
the theorem because Q refines U. □ 



Chapter 11 

Proof of theorem 16.7 



The entire chapter is devoted to the proof of theorem 16. 7[ Let us recall the 
statement. 

Theorem 16.71 There exists a constant N such that if a k-regular n-semiregular 
(k < n) closed countable star-finite interior Mn- cover T is n-contractible in a closed 
cover S, then there exists a {k + l)-regularn-semiregular interior Mn-cover isomorphic 
to T and refining st^ E. Moreover, we may additionally require that the constructed 
cover is equal to T on some open neighborhood of a given Z{J-')-set Z . 

We shall prove that the assertion is true with = 472, but the actual value is of 
no importance and no effort was made to minimize it. 

11.1 Patching of small holes 

We fix n and k < n. Let = {Fjjjg/ be a cover of a space X. We say that a 
map ip from a /c-dimensional sphere S'^ into X is a k-hole in T if the image of lies 
in Fj = f]^^jFi for some non-empty subset J of /. When we will want to specify 
J, we will say that (f is a k-hole in Fj. If (/) is a /c-hole in Fj and is nuU-homotopic 
in Fj, then we say that it is a trivial k-hole. Observe that if is /c-regular and all 
fc-holes in are trivial, then it is {k + l)-regular. We shall describe a construction 
that enables us to patch holes. That is, to make them trivial in a newly constructed 
cover. We begin with a special case. If (yj is a /c-hole in Fj and ip is contractible in Fj 
for some j G J, then we say that (/? is a small k-hole. We describe a construction of 
patching of a small /c-hole. 

Definition 11.1. Let {K, K,) be a pair consisting of a locally finite countable simpli- 
cial complex K and a cover K, = {Ki}i^i of K by subcomplexes. Let k < n and let 
B he a {k -\- l)-dimensional ball that is embedded as a subcomplex of K. We will say 
that a pair (L, C) is obtained from {K, /C) by patching of B, if the following conditions 
are satisfied. 
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(1) (a) L is a locally finite countable simplicial complex and K is a subcomplex 

of L, 

(b) C = {Lj}jg/ is a cover of L by subcomplexes and £ is equal to /C on K. 

(2) There exists a complex 

f B X [0,1], if /c < n - 1 

\ B X {0,1} U OB X [0,1], ifk = n-l 

such that L = K U C and the intersection of K with C is equal to B (in i^) 
and to 5 X {0} (in C). We identify B with S x {0}. 

(3) Recall that /C = {Ki}i^f and £ = For each i E I, is the smallest 
subset of L for which the following conditions are satisfied. 

(a) if S C Ki, then C C Li. 

(b) if dB C i^i, then dB x [0, 1] U S x {1} c U 

, . ifk<n-l, then {B n Ki) x [0,1/2] C 

if A; = n - 1, then (95 n Ki) x [0, 1/2] C Li ' 

Note that these conditions uniquely determine Lj's. 




Figure 11.1: A picture discussed in example 111.21 



Example 11.2. Let i^' be a square shown on figure [TLlT a) and let B be the white disc 
embedded as a subcomplex of K. We let Ki = B, K2 to be the dark disc and A'3 to 
be the complement of the interior of Ki. Let /C = {Ki, K2, K3}. Figure fTl.l( b) shows 
a pair {L, C) obtained from {K, K.) by patching of B. The cylinder C = B x [0,1] is 
attached to K along its lower base (in the example we assume that < n — 1) to form 
L = KUC. The set Li is equal to C. The set L2 is an union of K2 with a cylinder of 
height 1/2 and base ("1^2- The set L3 is an union of K^ with dB x [0, 1] U-B x {1}. 
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The cover /C of is 1-regular, but not 2-regular as both and Kx fl are not 
simply connected. Observe that dB C -ft'i fl i^a is a small hole in Kx fl i^a, as it is 
nuU-homotopic in Kx- Observe that dB C Li fl L3 is nuU-homotopic in Li fl L3. The 
small hole dB C i^i fl i^a in /C is "patched" in L and the cover L is 2-regular. 

Remark 11.3. Assume the notation of definition 111.11 By (lb), £ is a cover of L 
and by (3), L covers L if and only \iB (Z K^ for some i e /. It follows from (3c) that 
if /C is an interior cover, then L is an interior cover as well. This is the only reason 
for which (3c) is required. By the conditions enforced on £, L is always isomorphic 
to /C. 

Definition 11.4. Let T = \Fi\i^i be a closed star-finite interior A^n-cover of a space 
X . Let K be an exact n-core of T. Let i? be a subcomplex of K that is homeomorphic 
to a (A; + l)-dimensional ball and such that B (Z Fi for some i E I. Let U be an 
open neighborhood of B in X. We say that a closed star-finite interior A/'n-cover 
Q = {Gi}i(zj of X is obtained from JF by patching of B in U, if the conditions (0)-(3) 
stated below are satisfied. 

(0) (a) Q is isomorphic to JF and is equal to J-" on K U {X \U), 
(b) there exists an exact n-core L oi Q such that L\K G U. 

Recall that J^/K = {Fi f] K}i^j and G/L = {G, n L},^j (definition We 
require that the pair {L,Q/L) is obtained from {K,J^/K) by patching of B, i.e. that 

(1) (a) L is a locally finite countable simplicial complex and i^' is a subcomplex 

of L, 

(b) Q / L is a cover of L by subcomplexes and JF is equal to Q on K. 

(2) There exists a complex 

f 5 X [0,1], if A: < n - 1 

\ B X {0,1} U dB X [0,1], ifk = n-l 

such that L = K U C and the intersection of K with C is equal to B (in K) 
and to 5 X {0} (in C). We identify 5 and 5 x {0}. 

(3) For each i E I , Gi (1 L is the smallest subset of L for which the following 
conditions are satisfied. 

(a) if S C Fi, then G C Gi. 

(b) if dB C Fi, then dB x [0, 1] U 5 x {1} c Gi. 

, . if A; < n - 1, then (B n F,) x [0, 1/2] C Gi 
if A; = n - 1, then {dB n F^) x [0, 1/2] C G, ' 
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Note that these conditions uniquely determine L fl Gj's. 

Remark 11.5. Assume the notation of definition 111 .41 Let J G I and assume that 
B (Z Fi for some i G J. If dB C -Fj is a small k-hole in Fj, then dB C Gj is a trivial 
/c-hole in Gj. There are no "new" non-trivial /c-holes in Q (cf. example 111.21 (L, ^/L) 
is an exact n-core of ^). 

Lemma 11.6. If J-" is a closed star-finite interior Mn- cover of a space X, K is an 
exact n-core of B is a {k + 1)- dimensional hall embedded as a suhcomplex of K , B 
is contained in some element of J-" and U is a neighborhood of B, then there exists a 
closed star-finite interior f/n- cover Q of X that is obtained from JF by patching of B 
in U . 

Proof. Let T = {Fi}i^j. The construction of Q proceeds in two stages. 

Cleaning up. In the first stage we construct a closed star-finite interior A/'n-cover Ti = 
{Hi}i(zj of X and its exact n-core M that satisfy conditions of definition 111.41 (with 
Hi substituted for Gi and M substituted for L), with the exception that condition 
(3b) is replaced by condition 



Identify B x {0} with B and let p be the projection of Co onto B along [0, 1]. 
Let t be the inclusion of K into X. The map p U « is a well-defined map into X, and 
its domain is an most n-dimensional countable simplicial complex. By theorem 13.61 
and by remark 13.51 we can approximate pUt relK within JF by a closed embedding 
/. Take an approximation close enough, such that the image /(Cq) lies in U and 
let C = /(Co). Observe that CnK = B. Let /C = {Ki}i^i be a cover of U C by 
subcomplexes, such that /C is equal to JF on A' and such that for each z G /, A'j is a 
smallest subset of K for which the following conditions are satisfied. 

(a) if 5 C Fi, then C C Ki. 

(b') if dB C Fi, then dB x [0, 1] C Ki. 

if k <n- 1, then {B n Fi) X [0,1/2] C Ki 
iik = n- 1, then {dB n Fi) x [0,1/2] C Ki ' 

Observe that JC refines JF because / was an approximation within JF. By the assump- 
tion K is an exact n-core of !F, so {K U C, /C) is an n-core of JF. By theorem IIU.II 
applied to {K U C, /C) and there is a deformation of JF rel X \ ?7 to an interior 
A/'n-cover Ti. with an exact n-core {K U C, /C). By theorem 110. H we may require (and 
we do), that if S x {1} is a subset of Ki, then it is a subset of Intx Hi. The cover H 



(3b') if dB C Fi, then dB x [0, 1] C Hi. 



Let 
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satisfies conditions of definition 111.41 (with Hi substituted for Gi and M substituted 
for L), with the exception that condition (3b) is replaced by condition (3b'). 

Patching. Let A = i?x{l}be the upper base of C. Let J = {iG/:-BC-Fj} and 
Jq = {i ^1: dB C Fi}. By the construction, A is a subset of the interior of Hj and 
is disjoint from Hi for each i E I\Jd- Hence there exists an open neighborhood V of 
A that is disjoint from IJje/\Je whose closure lies in the intersection of U with 

the interior of Hj. By theorem 12.351 and by lemma HTT] there exists an approximation 
rel C of the inclusion V fl IJie Js\j C by a Z-embedding h into V such that 
idx\v U /i is continuous. Let H' = {H'i}i^i, where 



Observe that H' satisfies conditions (0) - (3ab'c) with H- substituted for Gi and 

vn[j 

iei\J ^ Z-set in V. 

By lemma 19.51 applied to A, a Z-set B = H'j^ fl V and a space V, there exists 
a closed A/'„-subset A of V such that A fl Hj^ is an A/'n-space, A G A and the 
inclusions dA (Z A (1 B, A G A are n-homotopy equivalences. We may assume that 
A is so small that it is closed in X. By corollary 12. 37^ the inclusion A U Hj_^ C V 
can be approximated rel A U Hj by a closed embedding with image disjoint from 
iei\J -^i U C) \ (A U Hj^). Let A' denote the image of A under this embedding. 

Let g = {Gi},<.i, with G, = H'i ior i e I \ Ja and Gi = H'iU A' for i e Jq. By the 
choice of V , A' C H'i for each i G J and by the construction H-CiA' = H'jCiA for each 
i G Jd\J and the latter intersection is an A/'n-space, so ^ is a closed interior A/'„-cover 
by corollary 13.81 By the choice of V condition (Oa) is satisfied. Let L = KUG. Since 
A' n L = A, conditions (1) - (3abc) are satisfied. What is left is to show that L is an 
exact ra-core of Q, i.e. that (Ob) holds. 

Consider a set J' C /. We have to show that L fl Gjr C Gjr is an n-homotopy 
equivalence. If J' ^ Jq, then Gji = H'j, and LnGji = L fl Hj,. By the construction 
L is an exact ra-core of Ti', so we are done. If J' C Js then L fl Gji = (L fl Hj,) U A 
and Gj' = H'j, UA'. We shall show that inclusions {LnHj,)U A C Hj,U A and Hj, U 
A C H'j, U A' are n-homotopy equivalences. The latter inclusion is an n-homotopy 
equivalence by remark 19. 6[ The former inclusion is an n-homotopy equivalence by 
lemma EMI applied with Ai = {L n H'j,) U A and A2 = H'j,. We are done. □ 

11.2 ©-Contractibility 

Throughout the section we fix a positive integer n and a nonnegative integer k < n. 
We let 5''+^ C be the {k + l)-dimensional unit ball. 

Definition. For each positive integer / and each positive m < I we let denote the 
annulus {x G B''+^ : ^ < |x| < f }. 
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Definition 11.7. Let T and Q be covers of a space X. Let ip : ^ X he a. fc-hole 
in T. We say that ip is @jr-contractihle in Q (pronounced "o"-jF-contractible), if it 
extends to a map <P from B^^^ into an element of Q such that for some positive 
integer / the collection of annuli {A5"}i<m<z refines {$~^{F)}F&r- We shall call ^ an 
@ jr- contraction of (p. 

Remark 11.8. If <P is an ®jc-contraction of a map ip: ^ X, then for some positive 
integer / the collection {Uj<z <f(yi^)cFi ^«}«g/ is a cover of B^^^ by subcomplexes. We 
can always replace ^ by another @jr-contraction such that this collection (possibly 
with different /) is an interior cover of B^^^. The new ®jr-contraction can be obtained 
by a reparametrization of In particular, we may assume that its image is equal to 
the image of ^. 

Remark 11.9. In definition 1 11.7^ the sole role of a cover Q is to limit the size of the 
image of 'P. The role of JF is more interesting and may be interpreted in terms of small 
holes as follows. Let JF be a cover of a space X and let iphe a, fc-hole in JF. Assume 
that ip is @;r-contractible and let ^ be a map satisfying conditions of definition I1L7I 
for a positive integer I. Let (pm be a map from S'^ into X defined by the formula 
^m{x) = ^{mx/l). The hole p>i is small. The hole p>2 might not be small, but if we 
patch p>i (a precise meaning of it will be given in the proof of lemma [TLlOp . then it 
would become small. Hence we may think that ip2 is a "small hole of second order" . 
Pushing this argument further, we see that ipi, which is equal to p>, is a "small hole 
of Ith order" and that it can be patched after recursively patching of y^i, <y92, • • • up to 

Definition. We say that a cover JF = is @k-contractihle in a cover Q if it 

refines Q and if for every non-empty subset J oil such that Fj = Hie j is non-empty, 
the kth homotopy group TikiFj) has a set of generators that are ®jr-contractible in 
for some choice of base-points of -Fj's. 

Lemma 11.10. If T is a k-regular (k < n) closed star-finite interior Mn- cover that is 
@k-contractihle in a closed cover Q, then there exists a closed {k + l)-regular interior 
Mn-cover isomorphic to T and refining stg^s gT. Moreover, given a Z{J-)-set Z, we 
may require that there exists a neighborhood of Z on which the constructed cover is 
equal to T. 

Proof. Let JF = {Fj}jg/ be a /c-regular [k < n) closed interior A/'^-cover of a space X 
that is @fc-contractible in a closed cover Q. Let = {J (Z F. J ^ ^ and Fj ^ 0}. 
By proposition 12.51 for every J E J the /c-dimensional homotopy group TTk{Fj) is 
countable. Therefore for every J E J there exists a collection of maps {ip^^ '■ 
Fj}m.eM that generates 7ik{Fj). By the assumption that jFis ®fc-contractible, we may 
additionaly require that V'm's are ©^r-contractible in Q, i.e. that for every J E J and 
every m G N there exists an element G"^ of Q and a ®jr-contraction '^(^ : B^^^ Gj^ 
of tj)^. By remark [11. 8 [ we may assume that the following condition is satisfied. 
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(1) There exists an integer I'l^ such that the collection {lJ{Afj : 1 < J < 
^m) *m(^/j ) -^j}}iG/ IS an interior cover of B^^^ . 

By the assumptions, jFis a countable star-finite interior cover, so it is locally finite. 
Hence every element of ^7 is a finite subset of /. In particular, J is countable. We 
endow J with the discrete topology. Let ^ : B^^^ xjT'xN— i>Xbea map defined by 
the formula '^{x, J,m) = \E';^(x), i.e. let be a disjoint union of ^E';^'s. The domain 
of is a fc-dimensional locally finite countable simplicial complex. Let U be an open 
cover of X obtained via lemma 110.41 applied to J-". By theorem 13.61 there exists a 
^-approximation of ^ within by a closed embedding ^ with image disjoint from Z. 
Let B'^^^ X he a. map defined by the formula = J, m), i.e. an 

approximation of \E';^ obtained as a restriction of $ to an appropriate subset of its 
domain. Observe that <?;^'s satisfy the following conditions. 

(2) v9;4 = ^m|sfc maps into Fj and {^pi,}m&N generates iTkiFj). 

(3) There exists an integer l"^ such that the collection {|J{A;?j : 1 < J < 
^m;^m(^;j ) ^ Fi}}iizi is an interior cover of 5^"+^ 

(4) Each (p;^ is an embedding, the collection {im<P;^}jgj- meN is a discrete collection 
in X and im^;^ C stjrG;^. 

Condition (2) is satisfied because Lf^^ is a ^/^-approximation within JF of ■j/'m! by 
the choice of W, every two W-close maps into Fj are homotopic and by the choice of 
V'm'S; T^kiFj) is generated by {V^mlmeN- Condition (3) is satisfied because 93;^ is an 
approximation within JF of t/;;^, so the collection defined in (1) refines the collection 
defined in (3). Condition (4) is satisfied because ^ is a closed embedding into X and 
is jF-close to 

Let L = IJjgjr ^gj^ im^P;^. It is a locally finite simplicial complex embedded as a 
closed subset of X. By the construction it is disjoint from Z. For each i e /, let 

= \J{K{Al, ): JeJ,meN,l<j<C ^ii^u ) C F.}- 

By (3), C = {Lj}jg/ is an interior cover of L by subcomplexes. By theorem 110. 5[ 
we may enlarge the pair {L, C) to an ra-core {Kq, /Cq) of with /Cq = {-ft'^jjg/ and 
Kq disjoint from Z. For each J E J and m G N fix a triangulation of a copy 
of 5^^+^ such that Aw is a subcomplex of for each 1 < j < Z;^- To avoid 

undue proliferation of notation, each copy is denoted by the same symbol B^^^. 
Let pf^: C{B^'^^) B^'^^ be a projection along [0,1]. By theorem 13. 6[ we may 
approximate each within ^reli?'^"''^ x {0} by a closed embedding with image 
disjoint from Z. We may require that images of ^^'s form a discrete collection in 
X (by simultaneously approximating the disjoint union of $:^^s, like we did when 
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approximating ^I/m's). Since the approximation is within JF, im<P;^ C stjrG;^ and 
$i{<Pi~\Kf)) C Fi for each iel. ^ 

Let K = K^VJ \Jj^j^^^^im$i and /C = {i^^jig/, with /T, = f y 

{j'^'ln^'^ia ^{K^)). By the construction, {K,}C) is an n-core of JF. By theorem 110.1^ 
there exists a deformation of JF to a closed star-finite interior A^i-cover JFq of X such 
that {K, K,) is an exact n-core of Tq. Since Z is disjoint from K, by letting L = K 
when applying theorem llO.H we may require that Tq is equal to jFon a neighborhood 
of Z. We may also require that the deformation is so small, that JFq ^ stg JF. Observe 
that (i^o? ^o) is an exact n-core of jFg as well. 

Order J" x N into a sequence {( Jg, mg)}^^^. For each g G N let Cg = im^m, and 
let Dq = <^XiB^^^ X {1}) be the upper base of Cq. By the construction of ^^'s, 
there exists a discrete collection {Uq}q^^ of open subsets of X such that Dq C Uq and 
t/g n (i^o U Ur^g ^»') ~ ^^'^'^ g G N. By the construction, Dq C stjr G*m,, hence 
we may require (and we do) that Uq C st^Gm, (we use the assumption that JF is an 
interior cover that refines Q). By proposition 13.21 and by corollary 13.71 there exists 
an approximation of the identity on Uq within JFq by a closed embedding hq-. Uq ^ 
Uq with image disjoint from Dq. By lemma 14.11 we may require (and we do) that 
idx\Uq U /ig is a closed embedding into X. Let Vq = Uq \ hq{Uq). By the construction, 
Vq is an open neighborhood of Dq. 

We shall recursively construct a sequence of closed interior A/'„-covers JF^ = {F/} 
of X, g > 1, that are isomorphic to jFg and satisfy the following conditions. 

(5) There exists an exact n-core Kq of JF^ such that Kq_i U Cg is a subcomplex of 

Kq and Kq \ {Kq_, U Cq) C Vq. 

(6) jFg is equal to J-'q-i on CqU {X \ Vq). 

(7) The inclusion Kq^iCiFj'^ C KqHFj induces epimorphisms on homotopy groups 
of dimensions less than or equal to k. 

(8) ip'mq is a trivial hole in jFg. 

Before we will do the construction, we will show that under these conditions the 
limit Too = linig-»oo Tq (see definition 14. 2p is a cover that satisfies assertion of the 
lemma. By the construction, JF is isomorphic to JFq and we required that jFg is 
isomorphic to jFg for each g > 1. By (6) and by the assumption that the collection 
{Vq} is discrete, the sequence JFg stabilizes locally, so if elements of J-'oo intersect, 
then the corresponding elements of JFg intersect for large enough g. By (5), J-'oo is 
equal to JFq on Kq and by the construction, Kq is an exact core of JFq, hence for each 
J E the intersection Kq (iFj = Kq fl Ff^ is non-empty. Therefore if elements of JFq 
intersect, then the corresponding elements of J-'oo intersect. Hence J^oo is isomorphic 
to JF. As we noted, the sequence J-'q stabilizes locally, hence by theorem 12. 18[ J^oo is 
a closed interior A/'n-cover of X. Let V = {Vq}q>i. By the construction, JFq -< stjrjF 
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and Too -< sty^o- We assumed that V -< st^^, hence Too -< ^^st'^^g stjrjF. By a direct 
computation, Too -< st^^^-j^g T. What is left to do is to show that Too is a (/i; + l)-regular 
cover. 

Let Koo = [Jq>i Kg. Let : X — s> X be a closed embedding defined as the identity 
on X \ IJ^^g Ur and by the formula fq{x) = h^{x) for each x G f/^ with r > q. Let 
Tiq = {Hf}i(zj and let Hf = fq{Ff) for each i E I. Observe that Tiq is a closed interior 
A^n-cover of X \ IJr>g ^"^^ ^q is its exact ra-core. Also, Tik is equal to Tik-i on 
X \ Uk and Tik-i is a shrinking of Tik on Uk \ Vk. By lemma 110.81 -^oo is an exact 
n-core of limg^oo'^^fc- Observe that limq^oo 'Hq = Too, so Koo is also an exact ra-core 
of Too- Observe that if J e JT", then K^o H Ff = [j^^i Kq fl Fj. By the assumptions, 
KoHFj has trivial homotopy groups up to dimension k, so by (8), KqHFj has trivial 
homotopy groups up to dimension k. Hence Koo H Ff has trivial homotopy groups 
up to dimension k, so Too is /c-regular. To see that it is {k + l)-regular consider a 
map ip: ^ Ff. Since i^oo is an exact n-core of Too, V is homotopic in Fy with 
a map ip' : ^ Ff fl i^oo- Since the image of ip' is compact, it lies in Kq fl for 
some q > I. It follows from (6) and from the assumption that Uq is disjoint from 
Kq U [j^^gCq that Kg n = Kg n FJ. By (7), the inclusion KqC] F^ C KqH Fj 
induces an epimorphism on /c-dimensional homotopy groups. Hence (f' is homotopic, 
in KqHFj, with a finite product of (fi^^s, for some m G N. By (8), (f^ is contractible in 
KrHFj C Koo^lF^ for r such that J = and m = m,.. Hence Too is (/c + l)-regular. 




Figure 11.2: After patching of .^i, .^2 becomes a small hole in the middle set. 

The construction of Tq. Assume that we already constructed Tq-i. Let T'^_i = 
Tq-i and let K^^^ = Kq_i U Cq. By the construction, Kg_^ is an exact n-core 

of Tg_i. Let / = Imqli. We shall construct a finite sequence Tg_i,Tg_i,...,Tg_i 
of closed interior AAn-covers of X that are isomorphic to Tq-i and satisfy the the 
following conditions for each < m < /. Below we let T™_i = {F^'''~^}iQi, = 

fligj F^''^"'^ for each J e J and = (^mq{xm/l). 

(9) There exists an exact ra-core KJ^^ of J^^i such that K'^J^ is a subcomplex of 
K^_, and K- 1 \ K-l^ C V^g. 
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(10) is equal to r^S^^ on K^^"-^^ U (X \ Vq). 

(11) The inclusion K'^Si^ H K^^^^ fl Fj'''^~^ induces epimorphisms on 
homotopy groups of dimensions less than or equal to k. 

(12) is a trivial hole in J^'l^i- 

Obviously, is a cover JF^ that we are looking for. Assume that we already 

contructed T^J^ and K'^^S^ . By the construction, the collection {^/}i<j</ of subsets 
of Dq refines J^^Si ■ Hence for some J & J, is homotopic with ^m-i in 
By (12), ^rn-i is a trivial hole in J-"^^, hence is a small hole in J^^J^- Let 
be the "obvious" contraction of ^rn (cf- figure [TT^ . By lemma [11.6^ there exists 
a closed interior A^n-cover J^^^i obtained from J^^Si^ by patching of Bm in Vq. We 
let -ft'^i to be an exact ra-core of J^^i that satisfies conditions of the definition of a 
cover obtained by patching. A direct verification shows that conditions (9)-(12) are 
satisfied. We are done. □ 

Remark 11.11. If Q = sf^ S, then the cover constructed in lemma [11.101 refines 
g^2i(jr+io It is beause JF refines Q, the constructed cover refines stg^s^g^Fand 

stst^^g -< stst3 gst^g = St st^ ^ = st^° g, 

the last equality by lemma By the same lemma, st^'^ st^£^ = st^^''"'"^'^ 

As an application we show that every n-semiregular cover is @o-contractible, prov- 
ing theorem 16.71 for k = 0. 



11.3 Proof of theorem 6.7 for k = 



Let JF = be an n-semiregular [n > 0) closed star-finite interior A/'n-cover 

n-contractible in a closed cover S. By the assumption that JF is n-semiregular, there 
exists an anticanonical map A of J-'. By the definition, every approximation within JF 
of A is an anticanonical map of JF. Hence by theorem 13. 6[ we may assume that A 
is a closed embedding. Fix a non-empty subset J of I. Let aj be a barycenter of 
a simplex of the nerve of JF that is spanned by vertices corresponding to elements 
of JF that are indexed by J. We let cq = A((Tj) be the base point of Fj. By the 
assumption, JF is an A^n-cover and n > 0, so Fj is separable and locally connected, 
hence there are only countably many connected components of Fj. Let ci, C2, . . . be a 
sequence of points of Fj such that every connected component of Fj has an element 
in the sequence. A set of maps ipk'- ^ Fj that map 1 to Cq and — 1 to generates 
7ro(Fj). We will show that for each k, ipk is ®jr-contractible in an element of st£^. 

By the assumption that JF is n-contractible in S, there exists a path 7 : [0, 1] ^ X 
that connects Ck with cq inside an element of £, i.e. such that 7(0) = Ck, 7(1) = cq 
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and im 7 is a subset of some E ^ S. Since is an interior cover, there exists a positive 
integer / such that {7([(m — 1)//, rra//])}o<m<« refines JF. For each < m < /, let jm be 
an element of / such that 'y{[{m — l)//,m//]) C Fj^. Without a loss of generality we 
may assume that 7 is constant on small neighborhoods of and 1, so we may assume 
that ji and ji are elements of J. Consider a function [(m — 1)//, m/l] 1—+ A(bst v{Fj^)) 
defined on a collection {[(m — 1)//, m/Z]}o<m.<i- It is a carrier and a constant map 
(3: {0,1} ^ X that maps and 1 to Cq is carried by it. By lemma [H75| the cover of the 
nerve of JF by barycentric stars of its vertices is regular for the class of metric spaces, 
hence by the carrier theorem, (3 can be extended over [0, 1] to a map f3: [0, 1] — > X 
such that f3{[{m - I) /I, m/l]) C A(bst C Fj^ for each < m < /. Let 

<P : [—1, 1] — i> X be a map defined by the formula 



This map is a ®;r-contraction of directly from the definition. The image of $ is 
contained in st:Fim7, im7 is contained in an element of £ and T refines hence the 
image of ^ is contained in an element of st £. 

We proved that T is ®o-contractible in st £. By lemma [Tl. 101 and by remark [TTTTTl 
there exists a 1-regular n-semiregular closed interior A/'n-cover of X that is isomorphic 
to JF, that refines st^^ £ and that is equal to JF on some open neighborhood of Z. We 
are done. 



Definition. Let JF and Q be covers of a space X. Let A be a subspace of X. Let if be 
a map of a pair (5^, S'^~^) into a pair (X, A). We say that ip is ^jr-contractihle to A 
in Q if it admits a homotopy ^: (-B''^ S^~^) x [0, 1] — ^ (X, A) with a constant map and 
such that the image of ^ lies in an element of Q and for some integer /, the collection 
{B^ X [{m — l)/l,m/l]}i<rn<i refines ^~^(JF). We shall call ^ a ^jr- contraction of ip 
to A in Q. 

Definition. Let < /c < n and let A be a subspace of a space X. Let JF = {-Fjjjg/ be 
a cover of X. Assume that each non-empty Fj has a basepoint xj in the intersection 
Fj n A. We say that JF is \Wk-contractible to A in a cover Q if for each non-empty 
subset J of I such that Fj is non-empty there exists a set of maps {ip:^ : (i?'^, S''^~^) ^ 
{Fj, FjnA)}m>i that are lyjjr-contractible in Q and such that i^^{{<Pm}m>i) generates 
nk{Fj), where : 7Tk{Fj) TTk{Fj,Fj fl A) is a function induced by the inclusion 




X e [-1,0] 

X e [0, 1] 



11.4 luj- Contract ibility 



{Fj,xj) C {Fj,FjnA). 



Lemma 11.12. LetO < k <n and let A be a subspace of a space X . Let = {-Fjjjg/ 
be a cover of X . As usual, let Fj = Hiej f^'^ each non-empty subset J of F Assume 
that each non-empty Fj has a base-point xj in the intersection Fj fl A. Let Q be a 
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closed cover of X . Assume that for each non-empty subset J of I the {k — l)th 
homotopy group of Ad Fj is trivial and that the inclusion of Ail Fj into Fj induces 
a trivial (zero) homomorphism on kth homotopy groups. If is ^^-contractihle to A 
in Q, then T is ©^-contractihle in st Q. 

Proof. Fix m > 1 and fix a non-empty J <Z I such that Fj ^ 0. Let {^in}m>i be 
a set of generators of TTk{Fj) such that compositions o ^ are lyjjr-contractible to 
A in Q. Pick = ip"^. We will show that is ©j^-contractible in st^, thus proving 
the assertion directly from the definition of ©^-contractibility. Let be the north 
hemisphere of S^, let be the south hemisphere of and let S^~^ = B^ fl B^ be 
the equator of 5''^. Without a loss of generality, we may let B^ denote the domain of 
ip. Let ^ be a lHJjF-contraction to A of (yj o ^ in some element G of Q. It is a homotopy 
of ^p with a constant map. For < t < 1 we let (ft : B^ — > X denote <P restricted to a 
time t. By the definition of lyjjr- contract ion to A, for each t, <Pt{S^~^) C A and there 
exists a positive integer / and a sequence of elements ji, j2, ■ ■ ■ ,ji & I such that 

(*) <Pt C Fj^ for each < g < / and each t such that {q - < t < q/l. 

We will extend ^ over i?^ x [0, 1] to a O^r-contraction of ip. 

By the definition, (Po restricted to S^~^ x {0} is constant. We extend onto 
B'^ X {0} to be constant as well, with value determined by the value of ^ on S^~^ x {0}. 
Again by the definition, restricted to S^^^ x {1} is constant and we extend $i onto 
B^ X {1} to be a constant map. For each integer < g < /, ^q/i maps S*^^^ x {q/l} into 
^jq-i ^ Fjq I"! ^- By the assumptions, this restriction is contractible in Fj^_-^ fl Fj^ n A. 
We extend $ over B^ x {q/l} to be any such contraction. For each < g < /, the 
(extended) map ^|sfe-ix[(q-i)//,g/«]uB''' x{{q-i)/i,q/i} is a map from a /c-dimensional sphere 
into A n Fj^. By the assumptions, every such map extends over B^ x [(g — 1)//, g//] 
to a map into Fj^. We define an extension of <P onto B^ x [(g — 1)//, g//] to be any 
such extension. 

From the construction, the extended is a ®jF-contraction of <Po ci^d is homo- 
topic with ip in Fj. Its image lies in stjr^. Since refines it is a ®jF-contraction 
in st Q. 

□ 

Example 11.13. Let JF = be a cover of a space X . Assume that JF admits an 

anticanonical map A that is a closed embedding and such that A(bst v{Fi)) = flim A 
for each i E L By lemma 111.121 if JF is lyj^-contractible to im A in Q, then JF is @k- 
contractible in st Q. 

11.5 Patching of large holes 

Definition 11.14. Let JF = be a cover of a space X and let Fj = f]^^j Fi 

for each non-empty subset J of J. Let r be the set of simphces of a triangulated 
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/c-dimensional sphere S^. Let ip: Fjhe a. fc-hole in Fj. Let 

C = (5'= X [-1, 1] X {0}) U ^ ^ ^ 1]) , 

where (^S^)^^'"^^ denotes the [k — 2)-dimensional skeleton of (empty if = 1). We 
say that a map ^ : C ^ X is a patch for ip if the following conditions are satisfied. 

(1) <P restricted to = x {-1} x {0} is equal to ip, 

(2) <P restricted to 5^' x {1} x {0} is a trivial hole in Fj, 

(3) there is an integer / such that the collection 

{^{{5 X Bm.^i) n dom^) : 5 eT,l<m<l} 



refines J-', where Bm,i = {x E [—1, 1] x [0, 1] : |x|oo G [ 



m— 1 m 
I ' I 



]} (see figure [TL3]) . 



B 



Figure 11.3: = {x e [-1, 1] x [0, 1] : \x\^ G ^]}. 

Remark 11.15. Let JF = {Fi}i^j. If is a patch for a k-hole (p if JF, then by the 
definition there exists a triangulation r of S'' and an integer / such that the collection 

\\J{SxB^y.6eT,l<m<l,${6xB^^i)cF,}^^^^ 

is a cover of the domain of <P by subcomplexes. We can always replace ^ by another 
patch such that this collection (possibly for a finer triangulation r and a larger inte- 
ger /) is an interior cover of the domain of The new patch can be obtained by a 
reparametrization of In particular, we may assume that its image is equal to the 
image of 

We'll prove below two lemmas. The first of them states that every hole in JF 
admits a patch the size of which is controlled, while the next lemma enables one to 
use this patch to patch the hole. Some new holes may be added in the process, but 
they will be handled by lemma 111.121 
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Lemma 11.16. If !F is a star-finite n-semiregular interior cover that is n-contractihle 
in a cover £ and if is a k-hole in T for some k < n, then ip has a patch whose image 
is contained in an element ofstS, for some sufficiently fine triangulation of . 

Proof. We denote the underlying space by X. Let JF = and let ip: Fj 

be a fc-hole in Fj for some non-empty J G L Identify S*^ with x {—1} x {0} and 
let (P: S'' X { — 1} X {0} ^ X to be equal to (p. We'll extend <P consecutively onto 
S'' X [-1,0] X {0}, X [0, 1] X {0} and (^'=)('=-2) x [-1, 1] x [0, 1] to obtain a patch 
for ip. We shall fix a triangulation of S'' after the first extension. In the first step 
we will use the assumption that JF is n-contractible in S; in the second step that it is 
n-semiregular; in the third step that it is /c-regular. 

First step. Let Ci = S'' x [—1, 0] x {0}. Let A be an anticanonical map of JF. For 
each element F of we let v{F) be the vertex in the nerve of .F that corresponds 
to F. Let a J be the barycenter of a simplex of N{J^) spanned by the vertices v{Fj), 
j G J. We define $ on x {0} x {0} to be a constant map with value \{aj). Since JF 
is n-contractible in S and ^ (so far defined) has image contained in Fj and a domain 
whose dimension is less than n, $ extends over Ci to a map with image contained in 
some element of S. We define $ on Ci to be any such extension. 

Second step. Let €2 = x [0, 1] x {0}. We first fix a triangulation r of and an 
integer / such that for every 1 < m <l and every 5 E t the set 'P{5 x [—m/l, (— m + 
1)//]) X {0} is a subset of Fi^^^^ for some is^m G /. Such a pair exists because JF is an 
interior cover and Ci is compact. Without a loss of generality we may assume that 
is,i G J and is^i G J for each 5 G r. A function that assigns bstw(Fj^^) to a subset 
6 X [(m— l)/l, m/l] X {0} of C2 is a carrier. A constant map on S'' x {0, 1} x {0} with 
value a J is carried by it. By lemma [5l3l the cover of the nerve of JF by barycentric 
stars of vertices is n-regular. Therefore by the carrier theorem, the constant map 
extends over C2 to a map that maps S x [(m — l)//,m//]) x {0} into hstv{Fig^). We 
define ^ on C2 to be a composition with A of any such extension. 

Third step. Let C3 = x [-1, 1] x [0, 1]. By the construction, <P{{CiUC2)r] 

{6 X Bm i)) C Fig ^ for each 5 G r and 1 < m < I. Therefore the map 5 x Bm,i ^ Fi^ ^ 
is a carrier. By assumptions JF is a /c-regular cover and by the definition C3 is k- 
dimensional. Hence by the carrier theorem, ^ extends over C3 to a map carried by 
this carrier. We define <P on C3 to be any such extension. 

By the construction <P is a patch for ip>. Observe that ^(Ci) is contained in some 
element of £. Therefore by condition (3) of the definition of a patch, since refines 

the image of ^ must be contained in an element of st £. □ 

Lemma 11.17. Let < k < n. Let T = {Fjjjg/ be a closed countable k-regular 
star-finite interior f/n- cover of a space X . Let J be a nonempty subset of I and let (p 
be a closed embedding of into Fj = f]i^jFi. Let (p be a closed embedding and a 
patch for ip. Let L be an exact n-core of T such that is a subcomplex of L. Let 
A be a subcomplex of L such that im.(p is a subcomplex of A. Let Ti. be a cover of L 
such that TjL is ^k-contractible to A in Ti. For every neighborhood U of mi<L> there 
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exists a cover Q of X and an exact n-core K of Q such that the following conditions 
are satisfied. 

(1) Q is a k-regular closed interior N'n- cover of X that is isomorphic to T and is 
equal to on L U {X \ U), 

(2) L is a subcomplex of K and K \ L (ZU , 

(3) QjK IS Uk-contractible to A in HU {U n K} , 

(4) the element (fi of ir^lL n Fj) = TTk{L n Gj) becomes in -Kki^K (1 Gj) . 

In the next section we apply lemma 111.171 recursively as to kill all generators of 
TikiLn Fj), J C /, to be able to use lemma [11. 121 and reduce the proof of theorem 16.71 
to the previously solved case of ©^-contractible covers. 

Proof. Let r be a set of simplices of S*^' and let / be a positive integer such that 
conditions of definition 111.141 are satisfied for Order {k — l)-dimensional simplices 
from r into a sequence 6o,6i, . . . ,6g. Let Cq^ denote the domain of (P. For each 
< p < g and for each 1 < m < /, let Cp.m be a simplicial complex defined recursively 
by the identity Cp^m = Cp,m-i U {6p x Bm,i) with Cp^o identified with Cp-i^i for p > 0. 
Note that 

C,,, = {S' X [-1, 1] X {0}) U {{S'Y'^-'^ X [-1, 1] X [0, 1]) 

and compare Cg^i with complex C from definition 111.141 Let Dp^ = {Sp x Bm,i) H 
Cp,m-i for each < p < g and each < m < /. 




Figure 11.4: Patching of {k — l)-holes. 

Since ^ is an embedding, we may identify Co,o with the image of ^ and treat it 
as a subcomplex of L. Below we shall recursively embed Cp^^'s into X and we will 
use same symbols to denote images of these embeddings. Let JFq^q = ^ and Lo,o = L. 
We shall recursively construct a sequence of covers J-'p^m = {Fi'"^}i£i and their exact 
n-cores Lp,m in such a way that the following conditions are satisfied {Lp^Q is identified 
with Lp_i^i for each p > 0). 
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(i) ^p,m is a /c-regular closed interior A/'n-cover of X that is isomorphic to JF and is 
equal to JF on L U (X \ f/), 

(ii) Cp^m is embedded into X in such a way that Lp^m — -^p,m— i U Cp^jn and Cp^m is 
a subset of ?7, 

(iii) J^p^m/Lp^m is lyjfc-contractible to A in U {t/ fl Lp ^}, 

(iv) if D,,^ C i^f'"^-\ then SpXB^^i C i^^'™; if C Fr~\ then 5^,^+1 C F^- 

Identify JF^ q with ^p-i,i for each p > and assume that we already contructed 
^p,m-i- By conditions (i) and (iv), conditions of lemma 111. 61 are satisfied with JF = 
^p,m-i, K = Lp m-i and B = Bp ^. Hence there exists a closed interior A/'„,-cover 
^p,m with an exact n-core Lp „ that is obtained from Tp^m-x by patching of Bp^^n in 
U . We may identify Cp^m\Cp,m-i with Lp^m\Lp^m-i, as these sets are homeomorphic 
by the definitions. Conditions (i), (ii), (iii) and (iv) are satisfied directly from the 
definitions. 

Order fc-dimensional simphces of r into a sequence Aq, Ai, . . . , Aq. Let Eq^ = 
Cq^i. For each < p < Q and for each 1 < m < /, let Ep^m be a simplicial complex 
defined recursively by the identity Ep^m = Ep^m~i U (Ap x Bm,i) if /c < n — 1 or by the 
identity Ep^m = -E-p.m-i U (Ap x dBm,i) ii k = n — \. In either case we identify Ep^ 
with Ep_i i for each p > 0. Let Fp^^ = (Ap x Bm,i) H -Ep,m-i for each < p < Q and 
each < m < I. 




Figure 11.5: Patching of /c-holes. 

By the definition, £"0,0 is a subset of X. Below we shall recursively embed i?p,m's 
into X and we will use same symbols to denote images of these embeddings. Let 
Qofi = J-'q^i and let Kq q = L^ ^. We shall recursively construct a sequence of covers 
Gp,m = {G^f''"}ie/ and their exact n-cores Kpm in such a way that the following 
conditions are satisfied (-R'p.o is identified with -R'p-i,; for each p > 0). 

(I) Qp,m is a /c-regular closed interior A/'n-cover of X that is isomorphic to JF and 
is equal to JF on L U (X \ ?7), 
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(II) -Ep^m is embedded into X in such a way that K^^^ = Kp^^_i U Ep^^n and Ep^^ 
is a subset of U . 

(III) Qp^m/ Kp^m is lyjfc-contractible to AinTiVJ {U fl -ft'p^m}, 

(IV) if Fp C Gf'"~\ then Ap x ^ C Gf'"* if A; < n - 1 and Ap x 9Ep „, C Gf" 
if A; = n - 1; if aFp,^ C Gf then Fp,^+i C Gf 

Again, we obtain ^p ,„ from Qp^m-i by patching of -Ep,™ in U. All four conditions 
are verified easily. 

Let Q = Qq^i and K = Kqi. Observe that iiimip C Fi for i in /, then by (iv) and 
(IV), for every simplex 6 e t, 6 x {x e [—1, 1] x [0, 1] : |x|oo = 1} C Gf Hence ip 
is contractible in Gf By (I), (II) and (III), Q satisfies conditions (1), (2) and (3) of 
the lemma. We are done. □ 



11.6 Proof of theorem 6.7 for k > 



Let JF = {Fj}jg7 be a A;-regular n-semiregular {0 < k < n) closed countable star- 
finite interior AAn-cover of a space X. Assume that is n-contractible in a closed 
cover S of X. Let Z he a Z(jF)-set. We shall construct a closed {k + l)-regular 
n-semiregular closed countable star-finite interior A/'„-cover of X that refines st^^^ S, 
that is isomorphic to JF and that is equal to JF on a neighborhood of Z. 

Let i7 be a set of those non-empty subsets J of /, for which the intersection Fj = 
f]-gj Fi is non-empty. The set is countable, because ^is countable and locally finite. 
By proposition 12.51 the set of homotopy classes of maps from into Fj is countable 
for each J in J'. Hence there exists a sequence of elements of J' and a sequence 
of maps (fm- S'^ Fj,^ such that for each J & J , the set {^m}m>i,Jm=J contains 
elements from all homotopy classes of maps from into Fj. By lemma [TL16[ for each 
(fm there exists a patch <Prn whose image is contained in an element of st £. We assume 
that the assertion of remark [11.151 is true for i.e. that the collection defined in 
its statement is an interior cover of Let O be an open cover of X obtained 
via lemma [10.41 applied to JF. Let <P be a disjoint union of <?m's. By theorem 12.101 
the domain of <5 is Polish. By theorem 13.61 there exists a (^-approximation ^ oi 
within JF by a closed embedding. By proposition 13.21 and by corollary 13. 7[ we may 
assume that the image of ^ is disjoint from Z. By a slight abuse of notation, we 
may let denote the restriction of \E' to the domain of and let iprn denote the 
restriction of ^ to the domain of (pm- By the construction, the collection of images of 
^m's is discrete in X, iprn maps into Fj^, for each J in JT" the set {'?/'m}m>i,J™=j 
contains elements from all homotopy classes of maps from into Fj, is a patch 
for iprn and the image of is contained in st;r£^. 

Let Tm be a triangulation of and let Im be an integer such that ip'm satisfies 
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conditions of the definition of a patch for t = Tm and / = Let M = im\l/ and let 

M = [^Mi = [j {^{5 X Bm,iJ : 5 e r^, 1 < m < /„, <P{5 x B^u) C Fi)] .^^ ■ 

By the assumption we made on ^m's, Ai is an interior cover of M. By the definition, 
it refines JF. Hence by theorem 110. 5[ there exists an n-core (Lq, Cq) of JF such that M 
is a subcomplex of Lq and such that Cq is equal to Ai on M. Let L be a disjoint 
union Lq U Llm>i(™^m ^ [O'l])' divided by an equivalence relation that for each 
m > 1 identifies im<Pm C Lq with im^^ x {0} C im<Pm x [0, 1]. Let p be a restriction 
to the n-dimensional skeleton of L of a natural projection from L onto Lq. By 
theorem I3.6[ there exists an approximation of p within jFrel Lq by a closed embedding 
p. By proposition 13.21 and by corollary 13.71 we may assume that the image of p is 
disjoint from Z. We let C = {p(p~^(Lg))}jg/. We let L = imp. We let L^ = 
Lrn-i Up(p~^(im By the construction, for each m > 0, (L^, C/Lm) is an n-core 

of JF. Let be the unique map onto im^P^ x {1} such that p o = <l>m and let 
^rn be the unique map onto vanprn x {1} such that p o im = ^m- Let = p o 
and let C,m = P ° ^m- By the construction, is an approximation of within JF. 
Hence is a patch for C,m- The image of lies in an element of st;r£^ and so 
does the image of Em- By the construction, is homotopic with tl^m in Fj^. Let 
W = {t/m}m>i be a discrete collection of open subsets of X such that imS^ C Um, 
Um n Z = 0, Lm-1 n f/m = and {Lm+i \ L^) H Um = for each m > 1. Since the 
collection {imSm}m>i refines st^rf^, we may assume that lA refines st^£^, because JF 
is an interior cover (which implies that for each set A, stjrA is a neighborhood of A). 




Figure 11.6: Some of the sets constructed in the proof of theorem 16. 7[ 

By theorem 110. H there exists a deformation of JF to a closed interior A/'n-cover 
jF_i = of X with an exact n-core (L, C). We may assume that JF„i is equal 

to JF on a neighborhood of Z and that jF_i refines st JF. By the construction, each 
is a patch for and for each J E J, the set {^m}m>i,j„=j contains elements from 
all homotopy classes of maps from into Fj. 

By lemma l4rT| for each m > 1 there exists an open cover Um of Um such that every 
map from Um into Um that is Z//m-close to the identity on Um extends continuously by 
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the identity on X \ Um- By theorem 12. 181 each Vm is an A/'n-space and by remark [375| 
imSm is a Z(jF/?7^)-set in Um- By corollary 13. 7[ there exists a W^-approximation 
hm '■ Um — > within jF„x of the identity on Um by a closed embedding with image 
disjoint from im Em- We let Vm = Um \ im km- Note that Vm is an open neighborhood 
of imEm- For each m > 0, let ifm: X — X \ IJi>m be a homeomorphism defined 
by the formula 

TT , \ _ j hi{x) X eUi and / > m 

'"^'^^^l^ ^ex\u,™f/. • 

Let JFq = {F° = iJo(-^r^)}«G/- Observe that Lq is an exact ra-core of Tq. We let 
Kq = Lq. By the construction, Hm is an approximation within jF_i of the identity 
on X, hence J-q refines Hence JFq refines st JF. 

We shall recursively construct a sequence of closed interior AT^-covers JF„ = 
{Fr}^ei of X \ U,>^ Vi such that 

(i) is fc-regular and is isomorphic to J-'m-i, 

(ii) ^m is a trivial hole in -FJ^, 

(iii) J^m is lyjfc-contractible to Lm in st{{/j}j<^ -^-i, 

(iv) J^m is equal to JF,n-i on X \ Um and is its swelling on f/,„ \ l^, 

fvj has an exact n-core Km such that is a subcomplex of and Km \ 

Km-l C Vm- 

Let m > and assume that we already constructed J^m-i and Km~i- Let J^m~i/2 = 
{i^"^-^/^}.,, with 

pm-i/2 ^ r h:;:^{x) x eUm 
' [x xeX\Um - 

The collection is a closed interior A/'„-cover of X \ Ui>m -^'m-1/2 = 

J'^m-i U Lm- By the construction, ii'm_i/2 is an exact n-core of J^m~i/2- Obviously, 
^m-1/2 is fc-regular, is equal to J-'m-i on X \ Um and is its swelling on Um \ Vm- By 
(iii), J^m-i is lyjfc-contractible to Lm-i in st^Ui}i^„^ ^-1- Since Km-i is an exact n-core 
of J^m-i, this is equivalent to UJJfc-contractibility of J^m-il Km~i to Lm-i- Since Km-i 
is an exact n-core of Tm-1/2 as well, Tm~i/2 is iiiJfc-contractible to Lm-i (and obviously 
to as well) in st{{/j},^^ Hence conditions of lemma [11.171 are satsified with 

^ = X = X \ IJ«>m ^) <^ = -^m, = ^m-, ^ = '='m, L = Km-1/2, Lq = Lm, 

7i = st{t/;},^^ and U = Um- Hence there exists a closed interior A^n-cover JF^ 
of X \ Uz>m ^ ^^"^ exact n-core of that satisfy conditions (i)-(v). The 
construction of the sequence J^m is done. 

Take !Foo = linim^oo ^m- By the construction W is a discrete collection in X, hence 
J-'oo is a closed interior A/'n-cover of X. We shall verify that 

(0) J-'oo is /c-regular and is isomorphic to JF, 
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(1) for each J in J , the inclusion of L fl Ff into Ff induces a trivial (zero) 
homomorphism on ki\i homotopy groups, 

(2) Too is Itiifc-contractible to L in stuT^i. 

If (0), (1) and (2) are satisfied, then by lemma I11.12[ is @fe-contractible in 
st st^^ JFg. Observe that lA refines st^£^, refines st JF and st JF refines sijr£, hence 
st sty T-\ refines st stst2 ^ st^ £^ = st st st^ which refines st st st^ £^ = st st'^ £^ = st^^ 
the last equalities by lemma 12.21 Then by lemma 111.101 and by remark Ill.lH there 
exists a + l)-regular closed interior A^n-cover that is isomorphic to Too-, that refines 
st st^^'^^"'"^° E = st^''^ E and that is equal to J-'oo on a neighborhood of Z. By the 
construction, Tod is isomorphic to JF and equal to ^ on a neighborhood of Z. Hence 
verification of (0), (1) and (2) will finish the proof. 

By lemma U.O.S\ K^o = Um>o-^m exact n-core of J-'oo- By the construction, 

Koo n = [J n FJ". Since is an exact n-core of JF^ and JF^ is /c-regular, 
each Km H FJ" is /-connected for each / < k. Therefore Um>o -^"^ i^ /-connected 
for each / < k. Since Koo is an exact n-core of J-'oo, J^oo is /c-regular. Condition (0) is 
satisfied. 

Let J in J'. By the construction, the inclusion Lq fl F'^ G L (1 Ff is an n- 
homotopy equivalence. Hence to prove (1), it suffices to check that the inclusion of 
Lq n Ff into Ff induces a trivial homomorphism on kih homotopy groups. Let ip 
be a map from into Lq H Ff . By the construction, is homotopic in Lq fl Ff 
with ^rn. for some m such that J = Jm- By (ii), is nuUhomotopic in Km H Ff. 
Hence it is nuUhomotopic in as K^. H Ff C Ff. 

Every element of Tik{Ff) is homotopic in Ff with a map into fl Km for some 
m. Hence 7Tk{Ff) is generated by maps into Ff fl i^m- Such maps, in turn, are 
lyjfc-contractible to L in stuJ-'-i, by (iii). Hence (2) is satisfied. We are done! 
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